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This paper is devoted to the analytical calculation of the contribution and opening displacement
tensors of an arbitrarily oriented crack in a transformed transversely isotropic matrix (TraTl). It
generalizes a recent work considering elliptically orthotropic (EO) symmetry, as EO is a particular
case of TraTI. The latter allows to explore a wider range of symmetries, including non-orthotropic
symmetries. The approach is based on the linear transformation between boundary value problems
with TraTI and transversely isotropic (TI) bodies. A detailed analysis shows that TraTI fourth-order
tensors are described by a set of 11 parameters (5 material parameters and 6 angles defining the
transformation). This is a significant enrichment beyond the set of EO tensors which depends on 7
parameters (4 material parameters and 3 angles). New analytical results are obtained for elliptical and
circular cracks embedded respectively in TraTl, orthotropic TraTI and monoclinic TraTI matrices. It is
shown that the most general case leading to analytical derivations of crack contribution and opening
displacement tensors is that of a TraTI matrix with a specific restriction: the initial crack must be
aligned along the isotropy plane of the TI matrix. To the best of our knowledge, this corresponds to the
current largest space of matrix anisotropy allowing analytical derivation of the compliance of a single
elliptical crack embedded in an infinite matrix as well as an extension of analytical 3D results showing
a coupling between opening and shear modes. Numerical results are presented to illustrate potential
applications of the method for the case of an arbitrarily oriented elliptical crack in an infinite uniform
matrix of stiffness of arbitrary anisotropy. The best-fit problem investigated in previous papers is
revisited and a new algorithm providing the closest stiffness tensor for which there exists an analytical
solution to the crack opening displacement tensor is developed. Numerical applications to real TI
materials are finally presented.
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1 Introduction

The analytical calculation of the fourth-order contribution tensor and second-order opening displacement tensor,
as defined in [1], of an arbitrarily oriented crack in a transformed transversely isotropic matrix (TraTI) is fully
derived in this paper. The approach is based on the linear transformation between boundary value problems with
TraTI and transversely isotropic (T1) bodies. The idea of applying a transformation to a boundary value problem,
as initially developed in [2] and [3], has proven its efficiency to extend the scope of analytical solutions to more
complex material anisotropies.

After the pioneering works of Sack [4] and Bristow [5] about the compliance of a penny-shaped crack embedded in
an isotropic medium, O’Connell and Budiansky [6] and Budiansky and O’Connell [7] have related the elliptical
crack compliance to the stress intensity factors in the isotropic framework. This approach has been extended by
Rice [8] to the case of arbitrary crack shape and matrix symmetry. A summary of the method can be found in [9].
Afterwards, the reference problems of elliptical and circular cracks embedded in an infinite anisotropic matrix have
been extensively studied in the context of micromechanics of cracked materials. In the case of a TI matrix, analytical
solutions have been obtained for cracks aligned with the isotropy plane of the matrix (see among others [10], [11],
[12], [13], [14], [15]). In the most general anisotropic case where analytical solutions of the crack compliance are
out of reach, it may be useful to apply the semi-analytical (requiring a simple 1D quadrature) method presented in
[16]. Nevertheless, the present paper focuses on analytical solutions, i.e. which do not need to resort to numerical
quadrature. Indeed, numerical solutions might certainly be interesting for exact solutions in arbitrary anisotropy but
might also appear as not efficient for calculations which have to be performed on numerous data (for instance in the
case of computations of cracked media properties on a wide grid).

The issue of the compliance induced by a crack in an elastic matrix characterized by a level of anisotropy as high
as possible has given rise to many works. However, beyond the case of an elliptical crack aligned in a TI matrix,
these works most often concern 2D situations: infinite crack in one direction in an orthotropic matrix studied
under plane strain or stress hypothesis, generalized plane strain or stress or antiplane conditions (see for example
[17], [18], [19], [20], [21], [22], [23], [24], [25]). Analytical derivations of stress intensity factors as well as
considerations about crack propagation are often proposed in these papers. The 3D case of a crack defined as a
bounded surface embedded in a matrix of orthotropic type or even higher anisotropy is often tackled under the angle
of approximated analytical solutions ([26], [27], [28]) or simple numerical calculations, either based on a simple
quadrature ([29], [16]) or a boundary value problem based on a meshless technique [30]. For more completeness, it
is worth mentioning the recent review paper [31] giving a large number of references for analytical and numerical
calculations of crack tip fields, again mostly in 2D. Note in particular recent works based on finite element ([32],
[33]) or boundary element calculations ([34], [35]).

The main idea implemented in the present paper to increase the set of analytical solutions to the compliance of an
elliptical crack in the 3D framework relies on the method of linear transformation of a boundary value problem. This
method allows to extend the possibilities of analytical derivations to more complex and various cases than reference
ones. It has been successfully applied to problems involving elliptically orthotropic material (EO) introduced by
Saint-Venant ([36], [37]). This type of symmetry is indeed linearly associated to an isotropic material allowing
easier resolution as put in evidence by Pouya and Zaoui [3], Pouya [38] and also in the framework of Eshelby
problem of an ellipsoid embedded in an infinite matrix by Sevostianov and Kushch [39] and Kushch and Sevostianov
[40]. It has also recently been applied to the crack compliance in an EO matrix in [41]. The model developed in
this paper consists in extending recently published results addressing in particular the issue of the contribution of
an ellipsoidal inhomogeneity in matrices of particular anisotropies. The present study differs from [39] dedicated to
an ellipsoid with finite radii embedded in an orthotropic medium insofar as the studied inhomogeneity here is an
elliptical crack seen as a degenerated ellipsoid with a necessary attention paid to the limit when the smallest radius
tends towards zero. Above all it extends results from [39], [40] and [41] by proposing an analytical solution to the
compliance of an elliptical crack embedded in a matrix of larger anisotropy than orthotropy in the 3D framework.
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An objective of the present paper is to proceed further by exploring the method of linear transformation to solve the
problem of a crack in a TraTI matrix such that the associated reference problem corresponds to a crack aligned in
the isotropy plane of a TI matrix for which it has been recalled previously that an analytical solution exists. As
shown by Pouya in [42], the TraTI symmetry significantly generalizes EO even allowing to explore particular cases
of monoclinic behavior. Indeed, Pouya proposes the first explicit analytical expression of the Green tensor outside
orthotropic materials.

The first section of the present paper recalls some generalities about the tensors characterizing the compliance of a
crack in an infinite matrix of arbitrary anisotropy and focuses in particular on the general relationship between the
fourth-order compliance tensor and the second-order opening displacement tensor. The second section deals with
the derivation of the passage from the initial crack opening displacement tensor to that of the linear transformed
problem in the general anisotropic case. The third section consists in the application of the previous results to the
case of an elliptical crack in a TraTI matrix after casting a new light on the solution to the problem of a crack aligned
along the isotropy plane of a TI matrix and on the characterization of TraTl symmetry in terms of independent
parameters. Examples are detailed in a case of TraTl symmetry preserving orthotropy and in a case of TraTI
symmetry of monoclinic but non-orthotropic type. The fourth and last section proposes a best-fit algorithm to
approximate an arbitrary stiffness by a TraTI one in consistency with the crack orientation so that the associated
TI problem involves a crack aligned along the isotropy plane. The algorithm is then implemented to the case of a
rotated crack in a TI matrix and the corresponding crack opening displacement tensor is compared to the exact
solution and other approximations.

2 Generalities about the compliance of an elliptical crack in an infinite matrix of
arbitrary anisotropy

Before application on the particular transformed transversely isotropic (TraTI) material symmetry, this section
recalls some useful fundamental results concerning the calculation of the compliance contribution tensor of an
elliptical crack embedded in an infinite medium of arbitrary anisotropic tensor C as well as its associated crack
opening displacement tensor. In particular it is recalled how these important tensors can be derived from the limit
case of the Eshelby problem [43].

An elliptical crack .# is formally defined by an equation of the type

x-m\2
xes & xon=0 and (x-¢)+(22) <d (1)

where (£, m, n) defines an orthonormal frame such that £ and m correspond respectively to the directions of the
major (radius a) and minor axes (radius na with # < 1) and n denotes the normal to the crack plane. In the
plane elliptical representation Eq. 1, the crack compliance is due to the existence of relative movements of the
crack lips and the normalized crack opening displacement is introduced as b = (u* — u~)/a where u™ and u~ are
the displacements of corresponding points on the lips respectively directed towards +n and —n (see [44]). The
second-order crack opening displacement tensor B as introduced in [1] is then defined as the linear operator relating
the average normalized crack opening displacement and the resolved stress X - n where X is the remote stress applied
to the infinite domain in which the crack is embedded (see Section A for tensor product conventions)

<Q>J=B-E-Q=(Bé>g):2 2)

It is recalled that B is symmetric by virtue of Maxwell-Betti reciprocal theorem.
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Besides it has been shown by many authors ([45], [44], [11], [46], [16], [47], [48], [41]) that the mechanical effect
of such a crack can be calculated as an asymptotic solution of an Eshelby problem [43] involving an ellipsoidal
shape of equation

x€€ o x-(A-A'-x<1 with A=a (£QC+nm@m+wnQn) A3)

in which w tends towards 0 (see Fig. 1).

Figure 1: Elliptical crack seen as a flat ellipsoid

From a kinematic point of view, the relationship of consistency between the displacement field at the boundary
of the ellipsoid Eq. 3 and the normalized crack opening displacement previously introduced is obtained by the
following limit

Ag_ E:S—»a/}b®nds—ms<b>J®n where S =rd’n 4)

The limit Eq. 4 reflects that the overall deformation of the crack expressed as a boundary integral over the flat
ellipsoid Eq. 3, involving the local displacement field u and unit normal field N, tends towards its interface
counterpart written by means of the average crack opening displacement a < b > g, the crack surface .$ and the
normal # to the crack plane. The interest of such an identity relies on the fact that the integral over the ellipsoid
boundary in Eq. 4 can be related to the remote stress tensor X by invoking Eshelby’s result [43] and more specifically
the derivation made after this fundamental result in order to take properly into account the singularity of the crack
seen as a limit. Numerous works (e.g. [45], [11], [46], [49], [16], [47], [41]) have indeed shown that the relevant
calculation providing the compliance contribution of a crack from Eshelby’s result implies a normalization of the

crack deformation not by its volume V' = %mf no which tends towards O when @ tends towards O but preferably by
|4

w

s s
fd‘g£®ﬂds — hm 3 /d%z®ﬂds

> w03 EE=— = H 1 T with H=lim,_y0Q' ®

lim,_yw

where H is called the fourth-order crack compliance contribution tensor ([ 1], [48]) and Q is the second Hill tensor
related to the first one P as

Q=C-C:P:C (6)

The consistency between the ellipsoidal and interface representations of a crack is reached by introducing Eq. 2 and
Eq. 5 in Eq. 4 which yields (see Section A for tensor product conventions)

H=lim,_0Q"' =31 ® B ég=§(3®@®g)+@®g)&3> @)



Crack compliance in a transformed transversely isotropic material 5

This relationship illustrates how the B tensor can be identified from the second Hill tensor resulting from Eshelby’s
result. In particular it already gives an insight of the particular form of H = lim,,_, @Q~". This non-zero limit is
due to the singularity of Q@ when @ = 0. Indeed the Taylor expansion of @ can be deduced from that of P written,
thanks to a reasoning based on Fourier analysis [50] or plane-wave expansion [51], as

P = - 1” =3 JjgJer TAT - D 45 where T¢0) = E®EC-O'®E  ®

f\l

As shown in details in [16] it follows that the Taylor expansion of P writes as

P=T(-oP' +0 (o) ©9)
where
| _n 2z R($) _ _ 1 [+o
v= 478=0 (cos2 2 sin2 )72 df and R($) = 2r ft=_°° L, @) dr (10)
in which

L(t, ) = T(1n+u¢)+[r( tn+u 2T (n) with u, =cos¢p?Z +singpm (11)

¢)_ ¢

It is worth noting that, as shown in [16], the convergence of the integration with respect to ¢ in the second integral
of Eq. 10 is ensured since the integrand writes as a rational fraction of the variable ¢ such that the degree of the
denominator is 12 and that of the numerator is 10. The Taylor expansion of Q is then deduced from that of P

0=0"+wQ'+06(0?) with Q°=C-(C-n-(n-C-n™'-(0-C) and Q'=C:P':C (12

The singularity of Q° at the origin of a non-zero limit of Q™! is obvious from Eq. 12. Indeed, following the
convention and notations defined in Section B, the matrix of Q° and Q! are conveniently written in the basis %*
defined in Eq. 99 under the form

0 v _ [ X 10 ) U _ ( Y1 | Y2
Mat(@,gsf)_<%w> : 1vlat(a;1>,929)_<,y12 Yzz) (13)

where X and Y;; are 3 X 3 block matrices such that X and Y, are 1nvert1ble This ertmg results from the fact that
the kernel of @0 is spanned by the out-of-plane tensors (n ® n, \/_ 2m ® nand \/— 2n ® ¢) whereas the in-plane ones

N
(Z®7¢, m®mand \/Eé ® m) belong to the image of Q° since they are eigenvectors of Q° : C~!. It follows that
the limit of @Q~! can be obtained by a simple matrix calculation (see detailed proof in [16])

. X|o Yu |l Y \17' _ /0] o
Mat([l-ﬂ,%)—llmw_)ow[<T‘T>+w<IYIZ )| = (o (14)

The remaining block in the right-hand-side limit matrix Eq. 14, putting in evidence a decomposition of the crack
compliance contribution tensor only in the out-of-plane components, is therefore consistent with the relationship
Eq. 7. In summary, the B tensor related to a given crack defined by Eq. 1 is calculated from the inversion of the
out-of-plane 3 x 3 block matrix of Q!, which is itself calculated in Eq. 12 from P'Eq. 10. In the general case where
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B is not diagonalized in the principal axes of the crack (i.e. when tensile and shear modes are coupled), the matrix
relationship resulting from Eq. 14 and Eq. 7 is

an an
B,, \/5 \/5
Y—l _3 Bun  Bwm  Bem (15
2n T3 3/5 2 2 )
wt Bem  Bre
\/E 2 2

where the components of B satisfy

B=B,n®n+B,,m@®m+B,,/®L+B,m@n+n®@®m+ B, n®L+£Q@n + B, ®m+mY)
(16)

If the indices are ordered in such a way that index 1 is along ¢, 2 along m and 3 along n, the relationship Eq. 7
allows to identify the components of B in (£, m, n) = (e,, e,, e;) with respect to those of H

16 Hisjs
B.==_—"592 17
Ll 3 1+6;3+0;3+6;3 03 an

where §; j denotes the Kronecker symbol (9, ;= l1ifi =jand Oif i # j). If B is diagonal then it comes that

16 H 4
L By=By == (18)
3131

but the relationships Eq. 18 in terms of components of Q' are evidently wrong if B is not diagonal in this frame.

Whenever the calculation of P! required to obtain Yz_zl through Q! is not analytical, a practical numerical procedure
is proposed in [16]. However, Section 4 is precisely devoted to the problem of an elliptical crack aligned in a
TI matrix for which an analytical derivation of P! is provided, as a first step to extend the scope of reachable
closed-form expressions of P! and B to cases of TraTI matrix.

3 Relationships between crack contribution tensors of initial and transformed Eshelby
problems

This section shows how the technique of transformation can help to relate the crack compliance contribution
and opening displacement tensors of associated problems among which one of them allows an easy analytical
determination of the tensors. It has been shown in [15] that the Hill or Eshelby tensors and consequently the
contribution tensors of problems associated by the linear transformation P can simply be related to each other
without the need to resort to the calculation of any Green tensor. Indeed two Eshelby problems are considered: the
first one 9 is characterized by an ellipsoid defined by A in Eq. 3 and the matrix of stiffness C and the second one
P respectively by A and C such that the stiffness tensors satisfy Eq. 41 and the ellipsoid tensors are consistently
related by

A=A-'"PoA=A-"P! (19)
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Recalling the second integral expression Eq. 8 as a function of the couple (A, C), it can then be shown (see [15])
that the Hill tensors of these two problems defined as P = P(A,C) and P = P(A, C) are related by

P="/p! |z1 P hH:p: (P! x P (20)

The second Hill tensors of both problems can also be related to each other by insertion of Eq. 41 and Eq. 20 in
Eq. 6 so that

@:(Pép):@:’(PéP) (1)

It is worth noticing that the invertible character of P in Eq. 19 implies that the asymptotical ranks of A and A
(i.e. when an aspect ratio of one or the other tensor tends towards 0) are identical. This means that if one corresponds
to a crack (of asymptotical rank 2), the same is true for the other. It follows from Eq. 21 that the crack compliance
contribution tensor of the problem defined by (A, C) as introduced in Eq. 5 writes

H=lim, ,0Q ! =P é P (lim,_y0@7') : (P! % P (22)

The limit tensor in the left-hand side of Eq. 22 actually corresponds to the crack compliance contribution tensor of
the problem & (crack defined by A of infinitesimal aspect ratio @ embedded in a matrix of stiffness C). However,
the limit tensor in the right hand side does not a priori correspond to the compliance contribution tensor of the
crack defined by A since @ does not in general coincide with the infinitesimal aspect ratio related to A. One can
alternatively consider the following limit

N - N » -
lim,_,oQ '="P'XPH:H: (P 'K P with H=lim; ,@Q! (23)

where the right hand side now corresponds to the transformation of the actual crack compliance contribution tensor
of the problem % but this is no more the case of the left hand side since @ is not in general the infinitesimal aspect
ratio related to A. However, it is possible to relate w to @ and eventually the contribution tensor H to H and the
corresponding crack opening displacement tensor B to B, as shown in the sequel by a reasoning close to that
presented in [41] and adapted here to the case of an arbitrary transformation.

Without loss of generality, the orthonormal canonical frame (e,);—; » 3 is defined so that the characteristic tensor A
of the crack in & writes

A=d (¢, ®e¢ +iie,Qe,+Pe;®e;) with 0<7<1 and 0<d <1 (24)

Considering the quadratic expression Eq. 3 and Eq. 19, the transformed crack is then characterized by the following
tensor

AA=P A A P= (P -e)®P-e)+T(P-e)®(P-e)+@(P-e)®(P-ey)) (25

and thus

limg_o'A-A=a (P-e)®(P-e)+i*(P-e,)®(P-e)) (26)

This symmetric tensor can be diagonalized under the form
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lim;_ o 'A-A=d* (/@ +n*m@®m) with 0<p<1 @27)
where £ and m are orthogonal unit vectors belonging to the space spanned by P - ¢, and P - e,. The normal vector

to the transformed crack defined by this tensor Eq. 27 is therefore given by the cross product

|P-ey AP,
This vector n is in general not even colinear to the transformation of the initial normal P - e, but it follows from
the contraction by n to the left and right of Eq. 26 and Eq. 27 thatn - P-e, =0andn- P - e, = 0 so that 'P-nis
colinear to e,, which implies

e, =1'P.n with y=n-P-e, (29)

n=y'Ple e =1

&

Note that y cannot cancel out since P is invertible. In addition, it is also always possible to choose the orientations
of Z or m and n in order to have y > 0: indeed if n - P - e; < 0 it is possible to change the sign of both £ and
n to finally get y > O without changing anything else in the reasoning. Moreover, it follows that P - e, can be
decomposed as

P-ey=yn+é,0+¢,m (30)

Introducing Eq. 30 in Eq. 25 and using Eq. 27 allows to write

tA-A~~0a2 (£®£+n2m®m)+d)252y22®g+d)zA 31
where
A=yn®@Cr+Em+y (Gl +Em@n+ (el +C,m QS L+ E,m) (32)

When & tends towards 0, the flat ellipsoid defined by Eq. 31 in the sense of Eq. 3 tends towards an elliptic crack of
aspect ratio # with an infinitesimal aspect ratio w related to @ by

— Y
0= (33)

It follows that the relationship between the initial and transformed crack compliance tensors can be obtained by
introducing Eq. 33 in Eq. 22

H = %&’(P‘l x P Y :f: ! x P (34)

Recalling finally the relationship between H and B on the one hand and their counterparts [ and B on the other
hand, and given the relationship pl. e, = nly from Eq. 29, the crack opening displacement tensors are finally
related by

B= yia’P_l .B.- P! (35)
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After assuming that an initial configuration of a crack, defined by a tensor A, embedded in an infinite matrix
of stiffness C allows an easy determination of the tensors Hl and B, the tensors H and B corresponding to the
transformed crack and matrix are immediately obtained. Since both problems & and & play symmetrical roles, the
previous reasoning starting from the knowledge of A in Eq. 24 may be inverted if A is chosen as the known crack
configuration provided that the transformation P is replaced by P~'.

Section 4 aims at detailing the calculations allowing to correctly apply the transformation to crack compliance
contribution and opening displacement tensors between % and % corresponding to respectively TI and TraTI
matrices. However, as the objective of the paper is to extend the set of analytical derivations of these tensors, it is
worth pointing out that only specific configurations of cracks in a TraTI matrix will be actually reachable since only
the case of a crack aligned in the isotropic plane of a TI matrix is analytical in & as firstly recalled in Section 4.1.

4 Compliance of an elliptical crack in a transformed transversely isotropic (TraTl)
matrix

4.1 Compliance of an elliptical crack aligned with the isotropy plane of a transversely isotropic (Tl)
matrix

This section revisits the derivation of the crack compliance and crack opening displacement tensors corresponding
to an elliptical crack aligned with the isotropy plane of a TI matrix. These tensors are fundamental tools on which
further developments in a matrix of more general anisotropy are based. Analytical solutions have been obtained in
[52] from a reasoning based on the calculation of the energy release rate and the J-integral and in [29] from integral
solutions adapted from [53] and solved by Fourier transform. An alternative demonstration is proposed hereafter
relying on the results of Section 2 and more particularly on the analytical derivation of the P! tensor introduced in
Eq. 10.

In order to clarify the expressions of this section, the axes of the elliptical crack are ordered in decreasing radius
length i.e. such that £ = e,, m = e, and n = e, and it is recalled that n denotes the aspect ratio of the elliptical shape
of the crack. In addition the crack is aligned with the isotropy plane of a TI matrix. This means that the stiffness C
is invariant by rotation around e, and writes by means of five independent parameters Cj 1, Cy22. Cj133. C3333
and Cy3y3. The matrix stiffness tensor can be decomposed in the Walpole basis associated with the direction e, (see
Walpole basis definition in Section A) as

C = Cy333Ej(e5) + (Cyypp + Crin) Ejey) + \/§C1133 E3(e5) + (Ciipp — Crinn) Ejle;) +2Coz3 Ex(ey)  (36)

The compliance tensor S = C~! can alternatively be defined thanks to the 5 engineering parameters E 1> E3, V19,
V31 and G31

s=c'=—= [Es(e3) + 2 E)(ey) - Va2 L Ej(e) + ””12 Ey(e) + 55 [Es(e3) @37

As shown in Section 2, the determination of the crack compliance contribution and opening displacement tensors
requires to calculate P! in Eq. 10. For a TI matrix stiffness, the R(¢) tensor involved in Eq. 10 is fully calculated
in Section C with useful components detailed in Eq. 107a107i. The integration over ¢ in Eq. 10 leads then to an
orthotropic tensor P!. The components of the latter can be expressed by means of the integrals .7, J;’ and Jf

given respectively by Eq. 110, Eq. 111 and Eq. 112 and the expressions of R?j i Provided in Eq. 104a104f
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P11111 =n (“74” R(1)111 +4(J2n _j4n)R?212) (38a)

P11122 =n ((jzn - j4n) R(l)lll -4 (jzn - j4n) R(1)212) (38b)

P11133 =n.9,) R(1)133 (38¢)

P21222 =n ((fo” - 2j2’7 + j4n) R(l)lll +4(j2n - jf) R(1)212) (38d)

P21233 =n(Jy —53) R(1)133 (38e)

P33 =197 Ry (381)

Pyypy =1 ((Fy = ) Ry50 + 75 Rysys) (382)

P31131 =n ((Jy _jzn)Rg323 +9, R(3)131) (38h)

P11212 =n ((jzn - j4’1) R(1)111 + (jon - 4j2n + 4JI)R(1)212) (381)

It follows from the orthotropic character of P! and C in the canonical frame that Q' in Eq. 12 is also orthotropic
in the same frame, as expected by the symmetries of the problem. Consequently the corresponding matrix Y5, in
Eq. 13, Eq. 14 and Eq. 15 is diagonal so that Eq. 18 applies, which eventually provides the B tensor under the

form
B=Bjje ®e +Bye,Qe,+ B3ze;Q e,
with
4 1 1
Bu=301, 73 IJ-I R+ 7T RO ) C2
3131 n 0277232372 3131 ) ~2323
4 1 _ 1
B =30, 73 (IJ-I) R 5 + 70 RY,, ) C2
2323 n 027313172 M2323 ) 72323
Byn=32_L - u
B30l T 3 (RO, €2 42RO, .. Cyias Casng+ R, C2
3333 nJo \ K1 Criazts Kypzz €1133 C3333+R3333 C333

where it is recalled that JO" and JZ" are given by Eq. 110 and Eq. 111 and R?j o DY Eq. 104al1041.
written under an alternative form, this B tensor is consistent with the results of [52] and [29].

(39

(40a)

(40b)

(40¢)

Note that although



Crack compliance in a transformed transversely isotropic material 11

4.2 The transformed transversely isotropic (TraTl) behavior

The idea of applying a transformation to a boundary value problem, as initially developed in [2] and [3], has proven
its efficiency to extend the scope of analytical solutions to more complex material anisotropies. For instance a
closed form of the elastic Green tensor has been derived in [42] in the case of TraTI materials. It is shown in
particular in [42] that a TraTI material is characterized by a stiffness tensor C deduced from a TI one C by a linear
transformation of the kind (see notations and conventions in Section A)

N

Cz(PEIP):C:’(PéIP) 41)

or in terms of compliance

N - S - -
s=P'KPH:S:(P'KP") where S=C' and S=C! (42)

where P denotes an invertible second-order tensor. It is worth noting here that the TraTI tensors do not form a
vector subspace since there is in general no stability by addition. Moreover, although presented as a function of 12
parameters in [42], it is shown in this section that C can actually be defined by only 11 independent parameters.

As C in Eq. 41 is a TI tensor of axis directed by the unit tensor e,, it can be decomposed on the symmetric Walpole
basis oriented by e;Eq. 91 thanks to 5 independent coefficients ¢;. This implies that the transformed tensor C is
decomposed on 5 modified tensors

C=X,6E() = C=Y ¢F(eP) with F(e;, P)=(P é P) : Ei(e;) : (P é P) (43)

The relationships between the coefficients ¢; and the classical independent components in the canonical frame
Ci111> Ci122> C1133> Ca333 and Cy3,5 are recalled in Section A (see Eq. 93, Eq. 94, Eq. 95). As a consequence of
the expression of Walpole tensors Eq. 91 and the tensor product properties, it can be shown that the tensors [F,.S(g3)
write

Filep Py =r@r [Fzs(éyp):s?s; [Fas(zyP):ri_SJrs\?_r
. 2 V2 (44)
ucj(g3,P)=sg|s—s§’s; Fie . P)=sKr+rXs

where the second-order tensors r and s are the transformed by P of p(e;) = e, ® e; and q(e;) =1 — e, ® e, (see
Eq. 87), i.e.

r=P-ple))-'"P=(P-¢;)®(P-¢;) ; s=P-qle;)-'P=(P-¢)®(P-¢)+(P-¢,) ®(P-¢,)
(45)

P is a priori defined by 9 independent parameters and it is well-known that any second-order tensor can write as
the product of a symmetric second-order tensor .§' (involving 6 parameters) by a rotation R i.e. P = S - R such
that R depends on 3 Euler angles (6, ¢, w). Indeed this rotation can be decomposed as a product of 3 independent
rotations R = Ry 3 - Ry, - R, 3 where R, ; denotes a rotation of angle w around e,. It is clear that R, 3 leaves
p(e;) and g(e,) invariant so that r and s only depend on 8 independent parameters of P. In addition, the presence
of the arbitrary factors ¢; in the decomposition Eq. 43 of C implies that it is possible to impose scaling conditions
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on r and s (for instance unit euclidean norm) or in other words 2 independent constraints on the action of P on
p(g3) on the one hand and on q(e;) on the other hand. It follows that any relevant transformation P used to define
the TraTI tensor C in Eq. 43 can be formally controlled by 6 independent parameters in complement to the 5 factors
¢;, which means that a TraTI matrix is actually defined by 11 independent parameters.

The previous proof of the number of independent parameters characterizing a TraTI behavior can be completed by a
practical construction of a relevant transformation tensor depending on 6 parameters and satisfying the requirements
previously described. The starting point consists in writing P and thus r and s in the form

P=u®e +v®e,+tw®e; ; r=w®@w ; s=u@u+v®v (46)

where u, v and w are arbitrary linearly independent vectors. Firstly, a possible scaling condition on r can be chosen
as || w || = 1. Besides, as already mentioned, r and s are not modified if P is multiplied to the right by a rotation of
arbitrary angle around e, so that P can be changed in

P-'R,;=u' Q¢ +1 Qe,+w®e, where u' =cosyu—sinyy and v’ =sinyu+cosyv (47)

Moreover it is always possible to find an angle y in [0, z/2[ such that || u' || = || v || since

. w0 ] = e

(7 T RERACEMPRES (A PRI 5 B
ull —|lv

o (48)

As a consequence imposing ||g || = || v || in Eq. 46 is equivalent to determining the arbitrary rotation around e, and
does not restrict the effect of the transformation applied on C. Finally the scaling condition on s allows to set
|| g” = || g” = 1. The relevant transformation tensor P is then defined by Eq. 46 such that 4, v and w are linearly
independent unit vectors which can be for example characterized by their respective spherical angles (inclination 8
and azimuth ¢): 0, ¢,, 0,, ¢,, 0, and ¢, forming 6 independent parameters controlling P (see Fig. 2)

sin@, (cos ¢y e, +sing, 22) +cosf, e,
sin 6, (cos @, e, +sing, 92) +cos b, e, (49)

P=u®e +v®e¢,+w®e, with
sind,, (cos e +sing, 32) +cosb, e,

ESTISEES
1]

This construction shows that the subset of TraTI fourth-order tensors is then exhaustively described by a minimal
set of 11 parameters: 5 parameters defining the base TI tensor C in the canonical frame and 6 angles defining
the transformation. A choice of arbitrary unit vectors u, v and w which are not orthogonal pairwise leads to a
transformed tensor C without any symmetry plane and full 6 X 6 matrix representation (no zero component) in
the canonical frame. Besides, it is still possible to use any invertible second-order tensor P in Eq. 41 if it is
more convenient. However, as previously demonstrated, this does not enrich the space of reachable fourth-order
tensors.

As an example showing the type of symmetries reachable by TraTI tensors, it is proposed to consider the simple
case of transformation of type Eq. 49 generated by the following triplet

u=e ; v=e, ; W=cye;+sge, Wwherecy)=cos6ands,=sin6 (50)
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Figure 2: Unit vectors defining the transformation P

Considering an initial TI tensor C of axis e,, the application of Eq. 41 provides a tensor C of monoclinic type
written in the Kelvin-Mandel convention (see Eq. 98) in the canonical basis as

~ ~ ~ 2, A 4 A P 5 2y 2 ~ ~ 5~ 2
Ciint +2(Chi33 +2C303) 55+ Cazzasy Crimm+Crizssy  (Criss + Cas33s;) €5 0 V2 (€133 +2Ca303 + C33355) s9cy 0
- ~ 2 5 A 2 o
Crin+Criszsy Chin Ch133¢y 0 V2€ 11335060 0
~ Aoy 2 A~ 2 A4 ~ 3
(Ciizs + Caznssg) ¢ Crizscy Caa33¢y 0 , V2Cis35c; 0
0 0 2Cssch 0 2C32350¢9
. . . . . s N .
V2 (€133 +2Co33 + Caz353) 506 V2€ 133506 V2Ci33350c 0 2 (Cos + Cazss;) ¢ B 0 R
0 0 0 2C232350¢9 0 Ciin — Criz +2C335;

(G

It is obvious that the parametrization represented in Eq. 51 depending on 6 data (5 coefficients of C and the angle )
does not span the entire space of monoclinic tensors requiring 13 independent parameters. However, it is interesting
to notice that the TraTI construction allows to explore symmetry types outside orthotropy for which an analytical
construction of B is possible.

To further illustrate the interest of the previous construction of TraTI tensors, it is proposed to focus for instance
on the case of a directional dilation in the isotropic plane of the initial TI tensor C and to show that such a

transformation is reachable with Eq. 49. This subfamily of TraTI tensors, which preserves the orthotropic symmetry,

is denoted StraTI in [42]. The most obvious way to generate a dilation of ratio y ’# in the direction e, is to consider

a transformation such as

P=yle, ®c +e,@e,+¢,8¢e, (x>0 (52)

which gives, by application of Eq. 41, the TraTI tensor C of the following orthotropic form written as a matrix in
the Kelvin-Mandel convention Eq. 98 in the canonical basis
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){61111 \/261122 \/261133 0 0 0

VZCun  Cun Ciizs 0 0 0

VxCus  Cuss Ci333 0 0 0 53)
0 0 0 26 0 0
0 0 0 0 21/x Canns 0
0 0 0 0 0 Vx (Ciin—Crm)

But such a transformation does not strictly correspond to Eq. 49 defined with unit vectors. However, it is possible to
consider a transformation such as that defined in Eq. 49 with unit tensors u = cos ae, +sinae,, v = cos ae, —sinae,
(0 < & < 7/2) and w = e, which leads to the same kind of orthotropy as Eq. 53. Indeed, the matrix of the associated
TraTI tensor writes in Kelvin-Mandel convention in the canonical basis (in which the components of the initial TI

tensor are now written with components ¢; ;)

4,1, cos* a 46|15y cos’ asin® @ 2¢133 o8’ @ 0 0 0
4¢|19p cOs” a sin” a 4¢11y; sin” a 281133 sin” a 0 0 0
251 133 COS2 04 251 133 Sin2 [04 53333 0 0 0
0 0 0 45303 sin” @ 0 0
Cp393 COS™ @
0 0 0 0 46533 cos? 0
0 0 0 0 0 4(51111_51122) Coszasin2a

(54

The space of tensors spanned by both parameterizations Eq. 53 and Eq. 54 are indeed identical thanks to the
following change of variables

4 . ~ _AX -4 . ~ AR 4
X=C0t a C]]ll —4C11]1 Sin o C1122—4C1]22 Sin o (55)

5 s Lo A A _Aa .2
Ciisz=2¢ 33 sina 5 Cs333=0C3333 5 Cpzp3 = 28393 sin“a

The case of an initial tensor C of isotropic symmetry is also interesting to examine. Introducing the Lamé moduli A
and pu, C writes

C=11®1+2u1X1 (56)

In order to exploit judiciously the transformation formula Eq. 41, the transformation tensor P is classically
decomposed as the product of an invertible symmetric tensor @ and a rotation R

P=0O-R where '©=0 and 'R=R"' (57)

so that, by application of the properties of tensor products (see [54] and Section A) and taking into account that a
rotation is inoperative on an isotropic tensor, Eq. 41 becomes

c:«aée):(RéR):C:’(Rék):’(@é@):(@é@):@:(@é@):ﬂ)@pmﬂpép
(58)
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where D = ©7 is a definite positive symmetric tensor. The expression Eq. 58 proves that a TraTI tensor built by
means of any second-order transformation from an initial isotropic tensor is actually elliptically orthotropic (EO)
with the same form as that defined in the literature (see [3], [55], [39] or [41]). Besides, it is worth observing here
that this type of orthotropy depending on 4 parameters (once the axes are set) is by construction entirely and strictly
included in the set of orthotropic tensors defined by Eq. 53 or equivalently Eq. 54 which depends on 6 parameters
since the isotropic symmetry is initially included in the TI one.

4.3 Compliance of an elliptical crack in a TraTl matrix

The interest of the transformation method relies on the fact that one of the two associated problems allows a rather
simple calculation of the crack compliance contribution or opening displacement tensor. Consequently, in presence
of a TraTI matrix, it is necessary to have the crack associated to A in the problem & parallel to the isotropy plane
of C since only this case boils down to an analytical calculation (see Section 4.1). Starting from the knowledge of
A, € and the transformation P, the crack contribution in the transformed problem 2 can be obtained according to
the following steps.

1. Calculate the transformed crack tensor A from Eq. 19 and diagonalize lim;_,"A - A in Eq. 26 to obtain
Eq. 27. This gives in particular the large radius a as well as the normal » from Eq. 28.

2. Calculate y = |n - P - e;5]. The absolute value, which differs from Eq. 29, is used to avoid any change of
orientation of n to ensure the positivity of n- P - e,.

3. Calculate [ and/or B of the initial problem from the knowledge of the matrix stiffness C of TI type and the
aspect ratio of the ellipse associated to A assuming that the elliptical crack is aligned in the isotropy plane of
the matrix (see Section 4.1).

4. Calculate the crack compliance tensor H from Eq. 34 or the opening displacement tensor B from Eq. 35.

It follows that the set of reachable configurations in terms of crack tensor A and matrix stiffness C is not a priori
easy to anticipate. Indeed, if C is known to be a TraTI tensor, which means that C results from a TI tensor C by a
transformation P according to Eq. 41, and A is arbitrarily given, the tensor A = A -’ P! describing the elliptical
crack embedded in the TI matrix does not in general lead to a crack aligned in the isotropy plane of C except
of course if C is actually isotropic. In the latter case, C is of EO type as noticed in Section 4.2 and the issue of
analytically calculating the crack compliance contribution has already been addressed in [41]. In the general case,
i.e. TraTI but not EO, it may not be possible to consider arbitrary rotation of crack orientation in a given TraTI
matrix for an analytical derivation of the crack contribution. However, the analytical derivation of the present paper
may still be straightforwardly exploited in two cases:

e examining simple transformations keeping the same orientation of crack in both problems 9 and % while
enriching the set of reachable matrix symmetry within orthotropy but beyond elliptical orthotropy and even
beyond orthotropy,

e or finding the best approximation within the set of TraTI tensors associated with a transformation such that
the initial crack is aligned with the TI tensor, starting from arbitrary matrix stiffness and crack orientation.

The first exploitation is the purpose of Section 4.4 and Section 4.5 and the second one will be detailed in Section 5.
In Section 4.4 and Section 4.5, the basic TI tensor C is characterized by an axis oriented along e, and either 5
engineering parameters E;, E5, V15, U5, and G5, as in Eq. 37 or 5 moduli Cy;1, Ci122> Ci133> Ca333 and Cyzp5 as
in Eq. 36. Note that the stiffness moduli can be easily deduced from the 5 engineering parameters by inversion of
Eq. 37 and identification of parameters as detailed in Section A.
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4.4 Application to a circular crack in an orthotropic TraTl matrix

As put in evidence in Eq. 53 under a stiffness form, the orthotropic subfamily of TraTI tensors can be obtained by a
transformation P of directional dilation type defined in Eq. 52 in which e, has been chosen as the dilation direction
without loss of generality. The resulting transformed stiffness CEq. 41 or compliance SEq. 42 is indeed orthotropic
defined by the 9 following engineering parameters in the canonical basis

El = /}ZEN‘I 5 E2 = El ) E3 = E3

T . -
Vo = ET; V31 5 V31 = % > Vi = \/}Vlz (59)
Gy = Gy i Gy = \/xGy 1 Gy = 22/110112)

A circular crack of normal e, is embedded in the orthotropic TraTI infinite matrix of parameters Eq. 59. Consistently
with the transformation Eq. 19, this corresponds to initial and transformed crack tensors of the form

A~ e ®¢+ " &, ®¢ and A ~ x" (¢, ®¢ +¢,®¢,) (60)
so that the radius of the transformed crack is a = ;(1/4 and the initial crack is characterized by a large radius a = 1
and aspect ratio #j = ;(1/4 ify<lora= ;(1/4 and ij = l/)(l/4 if y > 1.

The crack opening displacement tensor B of the problem 2 is obtained thanks to the solution of Section 4.1 and
more particularly Eq. 39 with the components Eq. 40a, Eq. 40b and Eq. 40c. It is worth precising that if y > 1, the
components B;; and By, should a priori be inverted since e, becomes in this case the orientation of the large radius
of A in Eq. 60. However, it comes out that the expressions of the components Eq. 40a, Eq. 40b and Eq. 40c remain
valid without inversion of axes considering @ = 1 and 77 = )(1/ 4 even if y > 1. The crack opening displacement
tensor B of the problem & is finally given by Eq. 35 in which y = 1 from Eq. 29 withn = ¢,, a = ;(1/4, a=1,
fi= ;(1/4 and P from Eq. 52

1 -1 B _
B:TMIP -B-P 1:Bllfl®§1+B22§2®§2+B33§3®§3 (61)

The components of B write

B 1-\/x
B, =2n = - VZ — (62a)
d 3vx <<%11/4_\/;*7[11/4> Ryys+Vx <‘%Il/4_%){l/4> R3131> Cns

- 1—
By=t2- : Vx S— (62b)
X 3 ((%}(1,4—\/}7[11,0 R2131+\/} (%711/4‘?511/4) R(2)323> C22323
B33 = & = — 4 (62C)

y 0 A2 R0 & ~ RO A2
x 3 511/4 <R1111 Clizst2 Ryja3 €133 Caaaat Ry Cagag

in which the elliptic integrals are denoted consistently with Eq. 108109 by

H = H <W> L &, =F <m> (63)
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These components are represented in Fig. 3 after normalization by relevant compliances depending on the component
for a given set of initial TI parameters: E,/E; = 3, Vj, = 0.2, ¥5; = 0.3 and G5,/E; = 2. On the one hand the
chosen normalization for B,, and Bs; is constant since G,3 and E; do not depend on y, but on the other hand By,
is normalized by multiplication by the shear stiffness G3; which varies as \/7 (see Eq. 59). Adopting a variation of
y covering 4 decades in Fig. 3, it is shown that the normalized crack compliances remain relatively bounded, which
confirms the relevance of the chosen normalizations.

1.4 - +Bll XG31
o 1
(D]
N
S 08
:
=
0.6
0.4
\H\ I \\\HH\ I \\\HH\ I \\\HH\ I \\\HH\
1072 107! 10° 10! 10%
E, E <631>2
){:—:—: —
E, E; Gy3

Figure 3: Crack opening displacement tensor of a circular crack in an orthotropic TraTI matrix - T parameters:
EI/E3 == 3, \712 = 02, \731 == 03, G~31/E3 == 2

4.5 Application to a circular crack in a monoclinic TraTl matrix

In this section, the monoclinic subspace within TraTI tensors represented by the matrix Eq. 51 is explored. The
associated transformation is parametrized by the angle 6 € [0, z/2[ and writes

P=¢ Qe +e,®¢,+ (coshe, +sinfe,) Qe, (64)

The restriction of the transformation to the plane spanned by e, and e, acts as identity. By consequence the
transformed crack of normal e, and characterized by the tensor Eq. 26 is identical to the initial one aligned in the
isotropy plane of the TI matrix. A circular crack is considered in the sequel. It follows thatny =7 = 1, a = 4,
n = e, and y = cos § from Eq. 29. The crack opening displacement tensor B in the monoclinic TraTI matrix is
given by Eq. 35 in which B of the problem related to the initial TI matrix of stiffness C is obtained thanks to the
solution of Section 4.1. It follows here that
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LIP_I 'E'P_l =Bllgl ®§1 +B22§2 ®§2+B33§3 ®§3+Bl3 (El ®§3+§3 ®§1) (65)

cos

where the components are

B
B“ = 110 - 10 n_ gy RO 1 N 0 ~2 (66a)
o8 €08 3n ((‘]0 —5) RyzpatS) R3131) Cias
B 1 1
By, =2 = (66b)
cosf cosf | 3y ((Jo”“j;’) RS+ Rgszs) Cans
B, sin0+B
By = - cos3 0 == tan29811 + 009139 n( 50 A2 50 . A ~ 50 A2 (66¢)
‘ ‘ 3n, (R1111 Clizat2 Ryi33 Ciizs CaasatRyza; C3333>
_ Bll 51110 _
B13 = —m = —tanHBll (66(1)

According to the definition of B and recalling that the normal is oriented along e, here, B33 corresponds to mode I
compliance (opening mode) whereas B;; and B,, correspond to mode II (shear modes). It is in addition remarkable
that the present configuration offers an analytical expression of a coupling between opening and shear modes through
the non-zero value of B;3. Such an analytical coupling between modes has been put in evidence in 2D in [56] and
recently in 3D in the case of an EO matrix. The present paper extends the set of available matrix symmetries which
allow a closed-form solution to the crack opening displacement tensor showing couplings between modes.

Fig. 4a and Fig. 4b present evolutions of components of the crack opening displacement tensor as functions of
the inclination 6 of the monoclinic matrix stiffness corresponding to a given set of initial T1 parameters. On the
one hand, in Fig. 4a, the components are normalized by the axial compliance 1/E; of the TI material and 6 is
limited to z/4 since they diverge when @ tends towards z/2 due to the fact that the matrix progressively becomes
singular when the inclination increases. It is indeed recalled that terms such as cos* 6 appearing in denominators of
components B;; in Eq. 66a66d and entailing singularities of B when 6 approaches z/2 are only attributable to the
singularity of the matrix behavior (see cancellation of components in Eq. 51 when 8 = z/2 for which C ceases to
be positive definite) whereas the crack always remains circular and orthogonal to e,. On the other hand, in Fig. 4b,
the components of B are normalized by adequate compliances S}3;3 of the surrounding monoclinic matrix so that
the singularity of B;; is compensated by that of S;3;3 when 6 tends towards /2.

5 Approximation of the crack compliance in an anisotropic matrix

This section is devoted to the exploitation of the analytical derivation of crack compliance in a TraTI matrix in
order to estimate the crack compliance in cases which do not allow analytical solution.
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Figure 4: Crack opening displacement tensor of a circular crack in a monoclinic TraTI matrix - T1 parameters:
EI/E3 = 3, 012 = 02, \731 = 03, G~31/E3 == 2

5.1 Best-fit problem

An arbitrarily oriented elliptical crack characterized by a second-order tensor A is considered. Asin Eq. 3, £ and m
are oriented along the axes and 7 is a unit normal vector. This crack is embedded in an infinite uniform matrix of
stiffness C of arbitrary anisotropy. The objective of this section is to present an algorithm providing the stiffness
tensor closest to C in the sense of Euclidean norm for which there exists an analytical solution to the crack opening
displacement tensor. Such analytical solutions are available in case of isotropic matrix ([4], [1]), TI matrix only
if the crack is aligned along the isotropy plane ([57], [52]) and configurations deduced from these two ones by
linear transformation: EO matrix [41] and TraTI matrix (see Section 4 of the present paper). Observing that the
configuration of an arbitrarily oriented crack in an isotropic matrix is a particular case of a crack aligned along the
isotropy plane of a TI matrix, it follows that the most general case including all the others is that of a TraTI matrix
with a specific restriction: the initial crack must be aligned along the isotropy plane of the TI matrix.

It has been shown in Section 4.2 that a TraTI tensor is characterized by 11 parameters in Eq. 43: 5 moduli of the
initial TI tensor (or engineering parameters) and 6 angles defining a practical parametrization of the transformation
PEq. 49. Since the initial TI problem can be defined up to an arbitrary rigid-body motion without loss or generality,

itis possible to assume that the axis of the TI matrix is e,. In addition, e, must also coincide with the normal to the

crack associated to the tensor A as defined by Eq. 19, which introduces 2 constraints on the TraTI parameters. It
comes then that the set of tensors in which the closest representative of C shall be searched depends on 9 independent
parameters. This is a significant enrichment beyond the set of EO tensors which depends on 7 parameters (4 material
parameters and 3 angles) ([55], [39], [41]).

A proper expression of the best-fit problem at stake here requires to specify a relevant parametrization of the eligible
transformations P, namely such that the initial crack, which transforms into the actual crack, is aligned with the
initial isotropy plane of the TI matrix. Since e, is chosen as the TT axis and initial crack normal, the isotropy plane is
spanned by {e,,e,}. Recalling that the considered transformations must always be invertible, it comes out from the
counterparts of Eq. 2627 applied to the inverse transformation P~! that the constraints imposed on P are satisfied
if and only if the image of the plane spanned by {e,, e, } is the plane spanned by {Z, m} 1.e. the axes of the actual
crack, or reciprocally the image of the plane spanned by {£, m} is the plane spanned by {e ,e,}. In this case e, and
e, are not necessarily aligned with the axes of the initial crack, but the latter belong to the same plane normal to e,
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which is precisely the desired objective. Hence, the following relevant parametrization of P is proposed starting
from Eq. 49 but making P - ¢, and P - ¢, belonging to the actual crack plane

= cosafZ+sinam
cosff+sinfm 67)
sin® (cos¢? +singm) +cosOn

Pipop=u®e +u®@e,+w®e; with

ESHISHES

This parametrization puts explicitly in evidence the 4 angle parameters a, f, 6, ¢ completing the determination of
the set of TraTI tensors consistent with the crack orientation. The configuration defining the biggest set of matrix
stiffness with the highest degree of anisotropy allowing an analytical calculation of the crack opening displacement
tensor B using the method of the present paper can be summarized by the following framework

e acrack defined by an arbitrary orthonomal frame (7, m, n) (i.e. 3 Euler angles), an aspect ratio # and a large
radius a (see crack Eq. 1)

e a matrix stiffness writing C = 215: 1 Gi [Fis(g3, P, 4.0.4)- thus defined by 9 independent parameters: 5 moduli
¢; and 4 angles a, f, 0 and ¢ involved in Eq. 67.

Note that a simple dimensional analysis shows that B does not depend on the radius a. If C cannot be decomposed
as Z;l G F (€5, Py p 9,¢)- 1t remains possible to solve the following best-fit problem to approximate C

N N
Min . apog]|C— By G €y Pupag)| with Fiey P=(PRP):Ele): (PRP)  (69)

which is obviously equivalent to the minimization of the following function

2
J ((E)1<i<s @ B, 0, ) = % HC -¥ ¢ ”:is(EyPa,ﬂ,a,cﬁ)H (69)

Due to the linearity of the approximated tensor with respect to the ¢; coefficients, the problem Eq. 68 can be
simplified thanks to a partial resolution of these coefficients actually corresponding to the conditions dJ/d¢; = 0.
At fixed angles a, f#, 0 and ¢, the optimization of ¢; is indeed obtained by resolution of the linear system in R

with Alj = ﬂ:[s(g3’Pa,ﬂ,9,¢) - ”:15(23, Pa,ﬂ,9,¢) and bi = ﬂ:js(g3’Pa,ﬂ,0,¢) . C (70)

where : : denotes the quadruple contraction, namely the scalar product between fourth-order tensors A :: B =
A;jkiBijri- The coefficients ¢; become then functions of the angles a, f, 6 and ¢ and the minimization problem
Eq. 68 is turned into a new one depending only on these four angles

mina’ﬂ,g,quC - 2?:1 &(a, B,0, ) F' (e, Pa,ﬁ’9’¢)“ (71)

or equivalently

min, 594 J (@ B.0,¢) with J(a,B.60,¢) =J (¢(a.p.0.9).a.5.0.9) (72)

However J is not convex so the minimization problem Eq. 72 is not easy to handle. The presence of local minima
prevents then from reliably applying local gradient-free or gradient-based algorithm. In this case, it may be
recommended to use first a global algorithm followed by a local one.

With the aim of using gradient-based algorithms to perform this second step of resolution of the minimization
problem Eq. 71, it is worth observing that, due to the stationnarity of J with respect to &, the differentiation of J
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with respect to any of its four arguments can be simply obtained by the corresponding partial differentiation of J
while keeping ¢; constant. For example,

o _ ol 01 0 _ ol oo o) _
% oa 3G da  oa WM 5 = 0 (73)
It follows that
oJ 5 & o5 s 0
% ( i=16F €3 Papog) = C) e ( i1 Gi a[’:is(gypa,ﬂ,e,qﬁ)) (74)

with ¢; resulting from Eq. 70 and

25 Papog) = (Pupog B Pupog) BN (Pupoy B Pupo )t
(Popo.p % %Pa,ﬁ,B,QS) DEj(ey) t ((Popog @ Pypop)t
(Popo.p @ P, - Eiley) : t(ﬁpa,ﬁ,e,? X Py pog)t
(Popog B Pupog) i )t "(Papog X 5-Pupog)

(75)

in which the derivative of the transformation is simply calculated from Eq. 67. For example the derivative with
respect to a gives

%Pa,ﬂﬂ,(ﬁ = (—sinaZ + cosam) ®e¢, (76)
The derivatives Eq. 73, Eq. 74, Eq. 75 and Eq. 76 with respect to f, 8 and y are straightforwardly obtained from an

analogous reasoning with

%Paw’d) = (—sinfZ£+cosfm) ®e, (77)
2P, 04 =[cos0 (cospZ+singm) —sinfn] @ e, (78)
%Pa,ﬁ’g,(b =sinf (—sing £ + cos ¢ m) ® e, (79)

Practically, the examples developed in Section 5.2 are implemented in the Julia language [58] and the minimization
problem Eq. 72 is solved by means of the meta-package GalacticOptim.jl' calling successively two algorithms
of the Optim.jl package [59]: first a simulated annealing method reaching a temporary approximative solution
followed by a limited memory BFGS algorithm (called L-BFGS in Optim.jl). In addition, these packages allow the
use of automatic differentiation algorithms as detailed in [60] and implemented in ForwardDiff.jl>. Such algorithms
take advantage of the efficiency of the Julia language to compute numerically the exact gradient of the objective
function without resorting to the analytical expression Eq. 74.

Lhttps://github.com/SciML/GalacticOptim.jl
Zhttps://github.com/JuliaDiff/ForwardDiff jl
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5.2 Application to real materials

It is proposed in this section to compare several methods to calculate the crack opening displacement tensor for
a penny-shaped crack embedded in a TI matrix for a varying angle w between the normal crack and the axis of
the matrix (see Fig. 5). Two cases of TI matrix are considered: wet bovine dentin from [28] and cortical bone
from [26]. The matrix parameters are recalled in Table 1 (note that the moduli of cortical bone are deduced from
Young’s moduli and Poisson’s ratios actually provided in [26]).

Table 1: Stiffness moduli (in GPa) of the two transversely isotropic matrices considered for the numerical applica-
tions.

Cini Ciuzn Cuzxs Gizzz Cosps

wet bovine dentin  37.00 16.60 870 39.00 5.70
cortical bone 20.89 11.16 1090 31.12 5.78

n

Figure 5: Crack inclined by angle w with respect to the T matrix axis

Before detailing the approximated calculations of B(w), it is worth recalling that the exact numerical calculation,
considered as the reference, can be carried out through H following either the algorithm presented in [ 16] based
on an application of Cauchy’s residue theorem to obtain a quasi-analytical expression of R(¢) in Eq. 10 and a
numerical integration for P! or alternatively the method presented in [61] based on a two-dimensional numerical
integration for P! thanks to the efficient cubature algorithm proposed in [62]. The former method is rather fast
(about 0.01 s to compute B with a C++ program on an Intel® Core™ i7-10510U CPU @ 1.80 GHz 2.30 GHz) but
may be inaccurate when the crack is close to symmetry planes due to close poles in the residue theorem. On the
contrary the latter method based on the two-dimensional cubature is less fast (between 0.02 and 0.03 s for the same
computation) but is more robust since it can be applied whatever the matrix anisotropy and crack orientation. This
exact calculation of B considered as the reference one plotted in blue in Fig. 6, Fig. 7, Fig. 8 and Fig. 9, is compared
to several approximation calculations based on a rigorous analytical calculation of B for a crack embedded in a
fictitious matrix of approximated stiffness (allowing analytical derivation of B) obtained by best-fit procedure
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e BE™in an approximated elliptic transversely isotropic (ETI) matrix (in red in Fig. 6, Fig. 7, Fig. 8 and Fig. 9)

The complete procedure to build this tensor is provided in [28]. The idea following the conclusions of [26]
and [27] consists in building the analytical B tensor for a crack aligned in the plane of the ETI matrix (see
Section 4.1) closest to the real matrix in terms of Euclidean distance on stiffness and considering this tensor
as constant for any angle between the crack and the matrix axis. The crack compliance contribution tensor
H still depends on the crack orientation through n in Eq. 7. Note that the ETI stiffness considered in [28]
referring to the definition given in [63] is different from the EO symmetry defined in Eq. 58. Indeed, the
stiffness of Eq. 58 depends quadratically on a second-order definite positive symmetric tensor D whereas the
ETI tensor of [63] and [28] depends linearly on a second-order definite positive symmetric tensor @ and 4
parameters Ay, Uy, 4, an y, as

N N N
CEMl=}1®@1+21X1+4 1Qe+0®1) +2u, (1|Z|(0+(0|Z|1> (80)

It is worth noting that CE™! in Eq. 80 writes as the sum of an isotropic tensor and a contribution which can be

interpreted as a the first-order deviation from isotropy in a Taylor expansion of an EO tensor such as Eq. 58
in which D — 1 would be infinitely small. However, the set of tensors of type Eq. 58 is defined with arbitrary,
not necessarily small, second-order definite positive symmetric tensors @ and is not contained in the set of
EO tensors as Eq. 58 nor contains it.

e B™ constant in the real TI matrix (in cyan in Fig. 6, Fig. 7, Fig. 8 and Fig. 9)

This approximation consists in calculating analytically B for the case of a crack aligned in the real TI matrix
(see Section 4.1) and considering it as constant for any crack orientation.

BE© in an approximated EO matrix (in purple in Fig. 6, Fig. 7, Fig. 8 and Fig. 9)

This approximation relies first on the search for the closest EO stiffness in the sense of the algorithm presented
in [39]. Then BEO is calculated as the opening displacement tensor of the crack embedded in this EO matrix
thanks to the analytical approach proposed in [41]. Unlike B and B™! which are kept independent of the
crack orientation n, BFO actually depends on n by construction in [41].

B in an approximated TraTI matrix (in green in Fig. 6, Fig. 7, Fig. 8 and Fig. 9)

This tensor stems from the procedure detailed in the present paper which relies on the approximation of the
matrix stiffness by a TraTI constrained by the crack orientation, namely such that the associated TI matrix and
transformed crack are aligned (see Section 5.1), and then on the calculation of B as described in Section 4.3.

Fig. 6 (resp. Fig. 8) present the evolution of the non-zero components of all B tensors against the angle between the
crack normal and the axis of the real matrix for the wet bovine dentin (resp. cortical bone). Fig. 7 (resp. Fig. 9)
show the normalized distance between the approximated and exact B tensors and the normalized distance between
the approximated and real stiffness tensors. As expected due to the fact that it is the richest set of stiffness, the TraTI
approximations are globally the best ones. However, Fig. 7a and Fig. 9a show that for some orientations, the other
estimates may be slightly better even for angles such that the TraTI stiffness approximation CT™! is the closest to
the real stiffness (see Fig. 7b and Fig. 9b). For instance, by construction, CT™! is always closer to the real stiffness
than CEO since the set of EO tensors is included in the set of TraTI ones but there exist some orientations for which
BE© slightly better approximates B than B! does. The difference is very small but still enough to prevent from
stating that a closer stiffness (or compliance) approximation would lead to a closer B tensor.

Beside previous remarks about overall proximity between approximated and exact B and C tensors, the trends of
curves in Fig. 6, Fig. 7, Fig. 8 and Fig. 9 deserve to be commented. First it can be observed in Fig. 7b and Fig. 9b
that the best TraTI C consistent with the crack orientation (parametrized by the angle w) strongly depends on w
with a non-monotonic error when @ varies from 0 to z/2. Although surprising at first glance, this trend is not
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so unexpected since the function to be minimized in Eq. 72 can itself show many local minima which are very
difficult to anticipate but which can be identified indifferently by several global algorithms. In fact this function
depends a lot on the anisotropy of the initial tensor C and it is recalled that the approximation by a TraTI stiffness is
constrained by the orientation of the crack relatively to the symmetries of C, which increases the complexity of the
dependence of the approximation error with w. It can in addition be noticed that the non-monotonic characteristic
of the trend is more stressed in Fig. 7b than Fig. 9b, which is consistent with the fact that the error of approximation
reaches higher levels for the wet bovine dentin case than for the cortical bone one meaning that the latter is less
anisotropic than the former and probably offers less possibilities of finding local minima. The evolutions with @ of
the error committed by approximating B in Fig. 7a and Fig. 9a are rather consistent with their counterparts on C in
terms of non-monotonic trends with less fluctuations in the case of cortical bone maybe again in consistency with
the lower degree of anisotropy. The same arguments based on the complexity of the minimization problem Eq. 72
and the dependence on the relative orientations of the crack and the matrix symmetries can somehow also bring an
explanation concerning the oscillations observed in Fig. 6.
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Figure 6: Components of approximated crack opening displacement tensors for wet bovine dentin case
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Figure 7: Normalized distances of approximated stiffness and crack opening displacement tensors respectively to
the actual stiffness and exact crack opening displacement tensor for wet bovine dentin case

6 Concluding remarks

After recalling some generalities about the quantification of the compliance generated by the presence of an
elliptical crack in an infinite anisotropic matrix, focusing in particular on the link between the second-order opening
displacement tensor B and the compliance contribution tensor H, it has been shown in this study that the use
of a linear transformation can help to relate B tensors of associated problems. The idea is to extend the scope
of available anisotropies for which analytical constructions of B and H (i.e. without resorting to any quadrature
algorithm) are available beyond the set of already published results.

The application of the methodology relying on the transformation of a matrix configuration for which an analytical
expression of B is reachable has led to an examination of the case of a transformed transversely isotropic (TraTI)
matrix characterized by 11 parameters. Indeed, as the compliance of an elliptical crack aligned in a TI matrix
is known, it has become possible to calculate the B tensor in a TraTI matrix under the restriction that the back-
transformed configuration should involve a crack aligned with the original TI matrix. This constraint implies that
the subset of TraTI matrix anisotropy for which the B tensor is analytically calculable depends on 9 parameters.
This set does not cover all the orthotropic tensors but extends the scope of analytical results for new particular
cases of orthotropy in 3D. Moreover, this set also contains some monoclinic tensors, which gives access to the first
analytical construction of a B tensor in a matrix without orthogonal symmetry planes.

A last section has been devoted to the best-fit problem with respect to the subset of TraTl materials which are
consistent with the crack orientation in the sense defined previously. Given a crack orientation, the objective is to
approximate an arbitrary matrix stiffness by a TraTI one in which the B tensor related to the crack is analytically
calculable. In the case of a TI matrix with rotated crack, this B tensor is compared to a numerical exact calculation
and to B tensors provided by other approximation methods: either from a best-fit of the matrix stiffness in the space
of EO tensors or B tensors corresponding to an aligned crack with the isotropy plane of the initial TI matrix or of
an approximated ETI matrix. The findings of this study show that, although providing generally better estimates of
B, the calculation based on a TraTI approximated stiffness can sometimes be slightly worse than the other ones.
In particular, it is interesting to notice that, for certain angles, B obtained from the EO stiffness can be closer to
the exact tensor than B obtained from the TraTlI stiffness. In this case, the difference between approximations
is tiny but yet actual although the TraTT stiffness obviously always better estimates the initial TI stiffness since
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Figure 8: Components of approximated crack opening displacement tensors for cortical bone case
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Figure 9: Normalized distances of approximated stiffness and crack opening displacement tensors respectively to
the actual stiffness and exact crack opening displacement tensor for cortical bone case

the EO tensors belong to the set of TraTI ones. However, the advantage of the EO approximation of the stiffness
is that the best-fit problem is not constrained by the crack orientation and thus can be used with arbitrary crack
orientations. This allows to easily implement homogenization schemes (dilute, Non-Interacting Approximation,
Mori-Tanaka-Benveniste, Maxwell, ...) with arbitrary distributions of crack orientations.
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Appendices

A Tensor algebra and Walpole basis

The convention adopted here for double-dot product (see [54] for more precisions about this point) is such that

where the Einstein notation of repeated indices is used and @ denotes the classical tensor product. This means that
the double-dot product does not apply successively to the closest indices but somehow to the couple of the two last
indices of the tensor to the left with the couple of the two first indices of the tensor to the right. It follows that the

components of the transpose tensor ‘T such that ‘T : a =a : T write (’T)U o = Tij-

N
The notation @ indicates a tensor product followed by a symmetrization over the last index of the tensor to the left of
the product and the first index of the tensor to the right. For instance, if u and v are first-order tensors (i.e. vectors)

N
+
u®u= (82)
This tensor product can of course be generalized to combinations involving higher order tensors as for instance

u; ajk U,+u,- llj[ Uk+Mj (277 U/+Mj a;; Uy

N N
u@a®u= :

¢®¢,®¢, B¢ (83)

The fourth-order tensor a [X] b (where a and b are two second-order tensors) introduced in [54] is defined by its
operation over any second-order tensor p and by its components

(@aXb):p=a-p-'b= aikpklbjlgi ® ¢; < (@i b)ijkl = aikbjl (84)

N
A symmetrized version of [X] denoted by [X] can also be introduced. It operates as

S S
ajibji+aybj,

@Rb):p=@Rb): (L) =a-(Z2) b o (@b = L5 (85)

It follows from these definitions that the fourth-order identity, as an operator over second-order tensors, writes
1 =1X 1 where 1 is the second-order identity. The fourth-order operator allowing to extract the symmetric part of
N

a second-order tensor writes | = 1 [X] 1. The latter tensor, which obviously complies with the conditions of minor
symmetries, is classically used to play the role of fourth-order identity operating over symmetric second-order
tensors.
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The Walpole basis [64] allowing to write any fourth-order transversely isotropic relatively to an axis oriented by the
unit vector # is composed of the six following tensors

q(n) ® q(n) p(n) ® q(n) q(n) ® p(n)
— Ey(n)= —— ; E,n)=—"7—
\/E \/5 (86)

q( )® II( ) N N
- 2 = ; E¢(n) = q(n) X p(n) + p(n) X q(n)

Eiy(m)=p)@p(n) : Exn)=
N
Es(n) = q(n) X q(n) -
built from the second-order projectors associated to n

pm)=n®n and q)=1-p)=£Q@L+mQ@m 87)

where (£, m) can be any couple of orthonormal vectors both normal to n. Any transversely isotropic fourth-order
tensor of axis n can be decomposed as

T=Y%1En (88)
Providing that the direction » is unambiguously previously defined, the six parameters can be conveniently gathered
in a triplet composed of a 2 X 2 matrix containing the four first parameters ¢; (1 < i < 4) and the two last parameters
t 5 and ¢ 6

T= (T, t5’t6)(ﬂ [4 t2

. 1t
)w1thT=< ! 3) (89)
Such a synthetic notation allows simple calculations of products and inverses of transversely isotropic tensors of
same axis which consist in classical matrix or scalar products and inverses

T: U= (TU.tsus,tgug),, and T = (7712 1)() (90)
n

(n) Y17 e
In addition it is also possible to introduce the symmetric Walpole basis associated to the axis directed by n composed

of the five following tensors

® ® ®
Ein) = p) ® pln) : ES(m) = q(n) : q(n) . Em = p(n) ® q(n) N q(n) ® p(n)
\/E \/5 1)
s S q(n) ® q(n) s s s
B, =qmn) K qn) - ————: Em=q@ KR p+pr) K aq@®)

such that any symmetric transversely isotropic fourth-order tensor can be decomposed and condensely written as

t3 tz

T=3) 4B = (T,14.15),, withT = < non > 92)

Alternatively if the axis of the symmetric transversely isotropic tensor is taken as e,, the Walpole components can
also be written from the five independent components in the canonical basis T'111, T}122, 11133, 13333 and Th303
as
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T = Ts333 E{(ey) + (Th111 + Tiim) ES(ey) + \/§T1133 Ei(e) + (Th111 — Tii) By(ey) + 2Tp3p3 E(ey)  (93)

so that

=Ty & b=Thn+Tin 3 =V2Tss & =Ty —Tiyn ;5 ts=2T; %94)
and by inversion

Iptly . — Dty 1! . — . _ I
7 5 Tun= s Tuss=—7 5 Tazz =t 5 Tz =7 (95)

Ty = 3

<k

B Kelvin-Mandel convention

The Kelvin-Mandel convention simplifies the matrix writing of symmetric second-order tensors and fourth-order
tensors showing minor symmetries.

Given an orthonormal frame (¢;);— » 3, the Kelvin-Mandel convention allows to establish a bijection between the
second-order tensors and vectors of R® such that

€11
€22
€11 &12 €31 €33
Mat(e, (¢)iz123) =| €12 €2 €3 = \/5523 (96)
€31 €23 €33 \/55
31
e

In the present paper, it is often made reference to the crack frame (£, m, n) so that Eq. 96 can apply by simple

correspondance e, « ¢, e, <> mand e, < n. The basis of symmetric second-order tensors consistent with the

decomposition in R® ordered as in Eq. 96 writes then

%“=<é®é,m®m,ﬂ®ﬁ,\5méﬁ,\/Eﬂéé,\/zéém) ©7)

A fourth-order tensor C with minor symmetries (C;;; = Cj;; = Cjjy) may simply be considered as a linear
operator acting over the space of symmetric second-order tensors and may be represented as a 6 X 6 square matrix
in the basis Eq. 97

Cin Cha Cizs | V2Cips V2Cys | V2Cyp
G Crx Cozs | V2Cms V2G| V2o
Mat(C. &) = Cs311 Cs3 Gz | V2Ci3 V2Cy | V2Cip 98)
V2Co1 V2G| V2Cy33 | 2Cops  2Cyys | 2Cypn
V2C1 V2G| V2Cy3 | 2Ca03  2C331 | 2Cyp
V2C11 V2Cimy | V2Cia33 | 2Cims  2Ciy | 2Cpap
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The result of C : € becomes then a simple matrix-vector product of Eq. 98 by Eq. 96. Note that the solid lines in

Eq. 98 separate blocks affected by different factors 1, \/5 or 2 whereas the dashed lines allow to put in evidence
blocks corresponding to in-plane and out-of-planes components (the latter involving » and the former not). Indeed,
for semantic and calculation purposes, it is interesting to reorder & as

) 99)

By adequate permutations of lines and columns of Eq. 98, the matrix of C in B becomes

B* = (£®é,m®m,\/5éém, ®n\V2m@n\Vin®

in-plane out-of-plane

(1S

NN

Cin Cim  V2Cun| Cum  V2C V2C

Con Com  V2Cpin| Coyp V2Cmys V2Cyy
V2Ci V2Cihy 2Cipn | V2Cims 2Ci  2Cumy

Cin Cym  V2Cupn| Cum V2Cis V2Ciy,
V2Cu1 V2Cuym 2Cyu; | V2Cuss 2Cy  2Ch

\/§C3111 \/§C3122 2C2 \/§C3133 2C313 2G5

Mat(C, B*) =

(100)

The bottom right 3 X 3 block of Eq. 100 is exactly the block between dashed lines in Eq. 98.

C Calculation of R(¢) when C is transversely isotropic

By consistency with Section 4.1, the axis of the transversely isotropic matrix aligned with the normal of the crack
is chosen here as e,. R(¢) tensor is defined in Eq. 10 as the integral involving the operator [ given in Eq. 8

R(p) = —5= [1° ([(cosde, +sinpe, +1e,) +T(cospe, +singe, —re,) —20(e,)) dr (101)

2x Ji=—00

To simplify the writing of the dependence of R(¢) in Eq. 10 with respect to the variable ¢, it is useful to introduce
the second-order rotation tensor R 3 of angle ¢ around e, such that

cos¢p —sing O
Mat(R 3, (Ei)i=1,2,3) =| sin¢p cos¢p O (102)
0 0 1

As C is assumed to be TI of axis e, in this section (i.e. can be decomposed as in Eq. 36), the invariance of C
by rotation around [ allows to write R(¢) itself as a rotation of R(0). This rotation of angle ¢ around [ of a

fourth-order tensor satisfying minor symmetries is given by (see tensor notations and conventions in Section A) °

R($) = (Ry3 K Ry3) : RO) 1 '(Ry3 X Ry3) (103)

A practical strategy to derive R(0) from a transversely isotropic C is detailed in Appendix C of [16]. The calculation
is based on the application of the Cauchy residue theorem and boils down to the following expressions of the
non-zero components (and associated ones resulting from major and minor symmetries)

s
3Note that the use of the symmetric version of the tensor product [ is allowed by the minor symmetries of R and entails minor symmetries

s
of the fourth-order rotation R ; [X] R, which can then be written under the Kelvin-Mandel convention (see Section B)
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1 1 1
RO 1 + 104a
1111 o, \ C33  V/Ci111 Caszz ( :
1 C +C
RO — L CuztConn 104b
1133 6, Cy33C3333 ( )

o _ _1 Ciir _ C1133(Cr133+2 Cy3p3) 1
R3333 = T (\/ Connn Coni C C (104¢)
¥ 3333 2323 C3333 3333

1 Cii1—¢C
RO = nu—Cuz (1044d)
2337 1\ [
R 1 Cun Cas3=Clis 104
3131 ~ T, Cl Cas (1040)
Y 2323 3333

1 1
= 104
1212 2v/2 VCa323 (Ci111=Ci120) (104D

where o, is the sum of the square roots y; and y, (of positive real parts) of the roots of the polynomial equation

Ci111 Ca333—C2 1.=2Cy 133 C c
P(Z) = 72 _ S 33 =Cli s 5 Cun (105)
C2323 C3333 C3333

i.e. P(y}) = P(y;) = 0 so that

2 2 Ci111 C3333—C1133-2 Cr133 Cazs c
0'7,=7/1+J/2=\/}’1+J/2+2}’172=\/ e +24 ) G (106)
2323 C3333 3333

Besides R(¢) is supposed to take part of an integration over ¢ in Eq. 10 which is expected to result in an orthotropic
tensor P! due to the symmetries of the problem. Consequently the relevant components (and associated ones by
major and minor symmetries) of R(¢), namely leading to non-zero components of P!, can be written as functions
of cos ¢ and components R?j « Of R(0) as

Ry (@) =cos* ¢ R),, +4 cos® (1 —cos* ) RY, , (107a)

Ry 12($) = cos* ¢ (1 —cos* p) R}, |, —4 cos® ¢ (1 — cos® ) RY, , (107b)
Ryj33(¢) = cos” p R, 5 (107¢)

Ry (@) = (1 —cos®* ¢)* RY| |, +4 cos® ¢ (1 —cos* p) RY, , (107d)

Ryp33(¢) = (1 = cos® ) R, 5 (107e)
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R3333() = R334 (107f)

Ro3p3(¢) = (1 — cos® ) Ry 5, +cos’ ¢ R, (107g)
R313(¢) = (1 — cos® ¢) R, +cos® ¢ RY 5, (107h)
Ryp15(¢) = cos® ¢ (1 — cos® §) RY, || + (2 cos* ¢ — 1)* RY, , (1071)

D Elliptic integrals

Some results of the paper make use of the complete elliptic integrals of the first % and second kind & defined as

H (k) &(k) = /f:o 1 — k2 sin” ¢ d¢p (108)

_ 3 dg .
Jimo oy

and the convenient notations are introduced

_ _ 2\ = % d¢ . _ _ 2\ — % 2 )
%,,-%(\/1 ">‘/¢=0—¢m : %,1—%<\/1 n>—f¢=0\/cos¢)+11 sin2¢ dp (109)

The following integrals are involved in some calculations of the paper

3 g
Iy = [y ——2 =1 (=Zifn=1 110
0 /¢=O (cos2 p+n? sin2 p)T2 1 ( 2 ) (110)
n % cos? ¢ d¢p K=&y z i
= = =7ifn=1 111
jz /¢:0 (COSZ ¢+’12 sin2 ¢)3/2 1_,12 ( 4 in ) ( )
n_ % cos* ¢ d¢p _ (14#7%) %H—anzn _ 3z, _

T4 = Lo (cos b sin 2 (=P (=T ifn=1 (112)
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