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Symbol Description

𝑣 Vector (1st order tensor)
𝐀 2nd order tensor
𝑪 4th order tensor
𝟏 2nd order identity tensor

Tensor operations
⊗ Tensor product: (𝑎 ⊗ 𝑏⃗)𝑖𝑗 = 𝑎𝑖𝑏𝑗𝑠
⊗ Symmetrized tensor product: (𝑎

𝑠
⊗𝑏⃗)𝑖𝑗 = 1

2 (𝑎𝑖𝑏𝑗 + 𝑎𝑗𝑏𝑖)
𝑠

⊠ Modified tensor product: (𝐚
𝑠

⊠ 𝐛)𝑖𝑗𝑘𝑙 = 1
2 (𝑎𝑖𝑘𝑏𝑗𝑙 + 𝑎𝑖𝑙𝑏𝑗𝑘)

⋅ Single contraction: (𝐀 ⋅ 𝑏⃗)𝑖 = 𝐴𝑖𝑗𝑏𝑗
∶ Double contraction: 𝐀 ∶ 𝐁 = 𝐴𝑖𝑗𝐵𝑖𝑗 ; (𝑨 ∶ 𝐁)𝑖𝑗 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙

𝑛 ⋅ 𝑸 ⋅ 𝑛 Normal double contraction: (𝑛 ⋅ 𝑸 ⋅ 𝑛)𝑖𝑗 = 𝑛𝑘𝑄𝑘𝑖𝑗𝑙𝑛𝑙
⋅⊺ Transpose

⋅−1 Inverse
⋅−⊺ ≡ (⋅−1)⊺ ≡ (⋅⊺)−1

⋅† Moore-Penrose pseudo-inverse
∧ Cross product

Decorations and conventions
̂⋅ Fourier transform

⋅⋆ In-plane component perpendicular to 𝑛, e.g. 𝑣 = 𝑣⋆ + 𝑣𝑛𝑛 with 𝑣⋆ ⋅ 𝑛 = 0 Fourier
transform reduced to 𝑛⟂ plane ̂𝜙⋆(𝜉⋆) = 1

2𝜋 ∫+∞
𝜉𝑛=−∞

̂𝜙(𝜉⋆ + 𝜉𝑛 𝑛) d𝜉𝑛

⋅♯ Quantity in the reference (transformed) problem
J𝑢K Displacement discontinuity (jump) across crack surface

Crack geometry
ℐ Crack (generic notation)

ℰ , ℛ Elliptical and ribbon-like crack geometries
𝐀 Crack shape tensor (rank-deficient)

𝐒, 𝐑 Shape and rotation tensors from polar decomposition of 𝐀
𝑛 Unit normal to crack plane

𝑙, 𝑚⃗ Unit vectors along major and minor axes
𝑎, 𝑏 Major and minor semi-axes (𝑎 ⩾ 𝑏)

𝜂 = 𝑏/𝑎 Aspect ratio
𝜈, 𝜏 Outer normal and tangent at crack border 𝜕ℐ

Elasticity
𝑪 , 𝑺 = 𝑪−1 Elastic stiffness and compliance tensors

𝝈, 𝜺 Stress and strain fields
𝚺, 𝐄 Remote (prescribed) stress and strain

𝑡⃗ = 𝝈 ⋅ 𝑛 Stress vector on the crack plane
Integral equation kernels

̂𝜞 (𝜉), 𝑸̂(𝜉) Green kernels in Fourier space
𝐐̂⋆

𝑛𝑛(𝜉⋆) Reduced kernel: 1
2𝜋 ∫+∞

−∞ 𝑛 ⋅ 𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 d𝜉𝑛
𝚲 Kernel in crack integral equation

Crack mechanics
J𝑢K Crack opening displacement (COD)

𝛽 Maximum COD vector
𝜒 Dimensionless average COD coefficient (2

3 for ℰ , 𝜋
4 for ℛ)

𝐁ℰ , 𝐁ℛ Normalized COD tensors (elliptical and ribbon-like)
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Symbol Description

𝐁̄ COD tensor for a closed frictionless crack
𝑁⃗ (𝑁𝐼 , 𝑁𝐼𝐼 , 𝑁𝐼𝐼𝐼 ) Displacement intensity factor (DIF) vector and modal components
𝐾⃗ (𝐾𝐼 , 𝐾𝐼𝐼 , 𝐾𝐼𝐼𝐼 ) Stress intensity factor (SIF) vector and modal components

𝐺 = 𝐾⃗ ⋅ 𝑁⃗ Local energy release rate
Linear transformation

𝐏 Linear transformation tensor: 𝑥⃗♯ = 𝐏−1 ⋅ 𝑥⃗
Undecorated symbols Initial anisotropic problem

TI Transversely isotropic (reference material class)
TraTI Transformed transversely isotropic (initial material class)

1 Introduction

The displacement and stress intensity factors (DIF and SIF) of elliptical and ribbon-like cracks embedded in an
infinite matrix of transformed transversely isotropic (TraTI) symmetry are analytically derived in this paper. The
approach combines the integral equation framework of Kunin (1983) and Kanaun and Levin (2009) with the
linear transformation technique between elastic boundary value problems, thereby extending to TraTI the set of
anisotropies for which fully closed-form expressions of DIF and SIF are available.

Stress intensity factors, originally introduced by Irwin (1957) to characterize the singular stress field near a crack
front, are central to fracture mechanics. Their connection with the path-independent 𝐽 -integral of Rice (1968)
provides an important energetic interpretation. In the context of micromechanics of cracked media (Dormieux and
Kondo, 2016; Kachanov, 1993, 1992; Kachanov and Sevostianov, 2018; Nemat-Nasser and Hori, 1999), the SIF are
also intimately related to the crack opening displacement (COD) and compliance contribution tensors, as discussed
in Rice (1975), Kachanov and Sevostianov (2018) and Sevostianov and Kachanov (2021). Kassir and Sih (1966)
showed that, for an elliptical crack in an infinite isotropic matrix, the stress state near the crack front decomposes
into a combination of local plane-strain and antiplane-shear problems, a result that has since formed the basis of
many SIF analyses (Budiansky and O’Connell, 1976; Hoenig, 1978; Rice, 1968). Closed-form formulas for the SIF
in isotropic media can be found in, e.g., Kachanov et al. (2003) and Fabrikant (1987).

The problem of a crack in an anisotropic matrix was pioneered by Willis (1968) who expressed, via Fourier
transforms, the stress field and COD for an arbitrary crack in a compact contour-integral form. Kassir and Sih (1968)
computed the three-dimensional stresses around elliptical cracks in transversely isotropic (TI) solids, showing that
the local plane-strain/antiplane-shear decomposition remains valid when the crack is aligned with the isotropy
plane. Hoenig (1978) derived integral-form expressions for the SIF and COD in a generally anisotropic medium,
establishing that closed-form evaluation is feasible for a crack aligned with the isotropy plane of a TI matrix.
Further closed-form results for such geometries were provided by Laws (1985) and Sevostianov et al. (2005). The
relationship between the asymptotic coefficient of the COD and the SIF in the framework of an arbitrary crack shape
in an anisotropic matrix was derived by Kanaun (1981) under an integral form. For a planar crack aligned with the
plane of isotropy of a TI matrix, this relationship was obtained from a boundary integral equation approach by Zhao
et al. (1998), and subsequently extended to coupled multi-field problems by Zhao et al. (2007) and Li et al. (2020).
The effective elastic properties of anisotropic materials with arbitrary orientations of multiple cracks, relying on the
SIF and COD tensors, were studied by Mauge and Kachanov (1994a), Mauge and Kachanov (1994b), Tsukrov and
Kachanov (2000) and Gruescu et al. (2005) among others. A systematic integral equation approach for elliptical
cracks in 3D anisotropic media was developed by Kanaun and Levin (2009), leading to compact expressions for the
COD via a reduced Fourier transform. When closed-form solutions are out of reach, the semi-analytical method
of Barthélémy (2009), requiring only a one-dimensional numerical quadrature, offers an efficient alternative for
elliptical cracks in arbitrary anisotropy.
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A powerful strategy to extend the class of anisotropies amenable to analytical treatment consists in applying a linear
transformation to the elastic boundary value problem, as introduced by Pouya (2000) and developed by Pouya and
Zaoui (2006). This technique establishes a correspondence between two elastic problems through an invertible
linear mapping of the spatial coordinates, so that the solution of a complex anisotropy problem can be inferred from
that of a simpler reference problem on a body of different geometry. Pouya (2007) showed that the TraTI symmetry
is linearly connected to transverse isotropy and provided the first explicit analytical expression of the Green tensor
for TraTI materials. The approach was exploited for ellipsoidal inhomogeneities in elliptically orthotropic (EO)
matrices by Sevostianov and Kushch (2020) and Kushch and Sevostianov (2020). In the crack context, Barthélémy
et al. (2021) used this strategy to derive the compliance contribution tensor of an elliptical crack in an EO matrix,
and Barthélémy et al. (2023) extended it to the compliance contribution tensor and average COD tensor of an
arbitrarily oriented crack in a TraTI matrix, covering configurations in which the COD tensor is not diagonal in the
crack frame.

The present paper extends the framework of Barthélémy et al. (2023) by going beyond average compliance quantities
to derive the full local COD profile and the associated DIF and SIF distributions along the crack front, for both
elliptical and ribbon-like cracks in a TraTI matrix. The derivation follows a different resolution strategy from
Barthélémy et al. (2021) and Barthélémy et al. (2023), relying directly on the integral equation formulation of Kunin
(1983) and Kanaun and Levin (2009). The paper is organized as follows. Section 2 recalls the integral equation
framework and establishes general expressions for the COD tensor, DIF and SIF of elliptical and ribbon-like cracks
in a matrix of arbitrary anisotropy; the framework is further extended to the practically important case of a closed
frictionless crack. Section 3 presents the linear transformation method, derives the corresponding transformation
rules for the COD tensor, DIF and SIF, and applies them to the EO and TraTI cases to yield fully closed-form
analytical expressions. Section 4 illustrates the approach through a numerical example: the local energy release
rate is computed around an elliptical crack embedded in a monoclinic TraTI matrix. Semi-analytical and finite
element computations are used to validate the closed-form solution. The appendices provide auxiliary material
used throughout the text: among them, Appendix 6.3 collects closed-form expressions of the COD tensor for the
reference cases of an isotropic matrix (Appendix 6.3.1) and a TI matrix with the crack aligned with the isotropy
plane (Appendix 6.3.2); these expressions are rewritten in a unified notation that makes the limiting transitions
from the TI to the isotropic case, and from elliptical to circular or ribbon-like crack shapes, straightforward.

2 Isolated crack in an anisotropic unbounded elastic matrix: background and extension
to a closed frictionless crack

Within the framework of linear elasticity, the present paper deals with the problem of a plane elliptical crack
embedded in a homogeneous unbounded anisotropic 3D matrix and subjected to remote prescribed tractions (see
Fig. 1), especially when purely analytical solutions are available. A ribbon-like (translation-invariant) crack is also
considered as a limiting case and plays an important role in the framework of the calculation of stress intensity
factors even in the case of an elliptical shape.

This section aims at recalling the background of the resolution of this problem leading to the crack opening
displacement tensor and stress intensity factors with a carefully detailed proof. Such a derivation prepares the
application of the transformation method in Section 3 to extend the set of anisotropic behaviors for which analytical
solutions are reachable.

In Section 2.1, the crack is defined from a rank-deficient quadratic positive form. Then the linear elastic equilibrium
of this crack is considered in Section 2.2 followed by a reformulation of the problem as an integral equation in
Section 2.3 without any particular assumptions made on the material symmetries. The general expressions of the
crack-opening displacement tensor and stress and displacement intensity vectors are then derived in subsequent
sections for any elastic matrix and any orientation and aspect-ratio of the elliptical crack.
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Fig. 1: Graphical illustration of the problem under investigation. The crack ℐ is embedded in an infinite matrix
and subjected to remote stresses. Note that at this stage, no asumption is made on the material symmetries
of the matrix, nor on the direction of loading.

2.1 Geometric description of the crack

The crack ℐ under consideration is embedded in the unbounded space ℝ3. It is defined as the following set of
points

𝑥⃗ ∈ ℐ ⟺ 𝑥⃗ ⋅ 𝑛 = 0 and 𝑥⃗ ⋅ (𝐀⊺ ⋅ 𝐀)† ⋅ 𝑥⃗ ⩽ 1 (1)

where 𝐀 is a second-order, singular tensor of rank 1 or 2 such that 𝑛 ∈ Ker𝐀, ‖𝑛‖ = 1 and (𝐀⊺ ⋅ 𝐀)† denotes the
Moore-Penrose inverse (pseudoinverse) of 𝐀⊺ ⋅ 𝐀 (not invertible in the usual sense because 𝐀 is not of rank 3). It
results from the above definition that crack ℐ is embedded in the plane perpendicular to 𝑛.

In the elliptical case (see Fig. 2, left), the crack is denoted ℰ and the tensor 𝐀 is of rank 2 (Ker𝐀 = Span(𝑛)). In the
ribbon-like case (see Fig. 2, right), the crack is denoted ℛ and the tensor 𝐀 is of rank 1 (Ker𝐀 = Span(𝑙, 𝑛), where
𝑙 is a unit vector, orthogonal to 𝑛). The general definition (1) of an ellipse/ribbon might seem overly complicated. It
will be seen later that it is well-suited to further applications of linear transforms. It is briefly verified below that it
indeed defines an ellipse (resp. a ribbon) when 𝐀 is of rank 2 (resp. 1) and some useful characteristics of 𝐀 are
particularly extracted. The general form of 𝐀 is (see Appendix 6.1)

𝐀 = 𝑎 𝑈⃗ ⊗ 𝑙 + 𝑏 𝑉 ⊗ 𝑚⃗ (2)

where 𝑎, 𝑏 ⩾ 0 and 𝑙, 𝑚⃗, 𝑈⃗ and 𝑉 are unit vectors such that

𝑙 ⋅ 𝑚⃗ = 𝑚⃗ ⋅ 𝑛 = 𝑛 ⋅ 𝑙 = 𝑈⃗ ⋅ 𝑉 = 0 (3)

completed by 𝑊⃗ = 𝑈⃗ ∧ 𝑉 so that (𝑈⃗ , 𝑉 , 𝑊⃗ ) form a right-handed orthonormal basis.

It results from (2) and (3) that

𝐀⊺ ⋅ 𝐀 = 𝐒2 with 𝐒 = 𝑎 𝑙 ⊗ 𝑙 + 𝑏 𝑚⃗ ⊗ 𝑚⃗

as well as

𝐀† = 𝑙 ⊗ 𝑈⃗
𝑎

+ 𝑚⃗ ⊗ 𝑉
𝑏

and (𝐀⊺ ⋅ 𝐀)† = 𝑙 ⊗ 𝑙
𝑎2 + 𝑚⃗ ⊗ 𝑚⃗

𝑏2 (4)
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If 𝐀 is of rank 2, then both 𝑎 and 𝑏 are positive and it can be assumed that 𝑎 ⩾ 𝑏 > 0. If 𝐀 is of rank 1, then only 𝑏
is positive and 𝑎 cancels out. However it would be an error to write 𝐀 with 𝑎 = 0 in (2) since the right mechanism
to topologically deform an ellipse to a ribbon is actually 𝑎 → +∞ while keeping in memory the direction of 𝑙. In
fact the limit when 𝑎 → +∞ may be taken in the pseudo-inverses 𝐀† or (𝐀⊺ ⋅ 𝐀)† so that

lim
𝑎→+∞

𝐀† = 𝑚⃗ ⊗ 𝑉
𝑏

and lim
𝑎→+∞

(𝐀⊺ ⋅ 𝐀)† = 𝑚⃗ ⊗ 𝑚⃗
𝑏2 (5)

It follows that definition (1) writes

𝑥⃗ ∈ ℐ ⟺ 𝑥⃗ ⋅ 𝑛 = 0 and
⎧
⎪
⎨
⎪
⎩

(𝑥⃗ ⋅ 𝑙)
2

𝑎2 + (𝑥⃗ ⋅ 𝑚⃗)
2

𝑏2 ⩽ 1 if 𝐀 is of rank 2

|𝑥⃗ ⋅ 𝑚⃗|
𝑏

⩽ 1 if 𝐀 is of rank 1
(6)

The above characterization indeed defines an ellipse when 𝐀 is of rank 2 and a ribbon when 𝐀 is of rank 1. When
𝐀 is of rank 2, the orthogonal unit vectors 𝑙 and 𝑚⃗ are directed along respectively the major and minor axes, 𝑎 is
the major radius and 𝑏 is the minor radius. It will be convenient to also introduce the dimensionless aspect ratio
𝜂 = 𝑏/𝑎 ⩽ 1 of the ellipse. When 𝐀 is of rank 1, the crack is translation-invariant (ribbon) along 𝑙 and its in-plane
width is 2𝑏. As mentioned above, the ribbon ℛ appears as the limiting case of an ellipse ℰ with infinite major
radius (𝑎 → +∞) or, equivalently, vanishing aspect ratio 𝜂 → 0. In the ellipse case, the knowledge of 𝐀 is sufficient
to fully define the crack since, on the one hand, it contains all information about the directions of the axes and the
radii and, on the other hand, 𝑛 spans its kernel. This is no longer true for a ribbon since 𝐀 only defines the direction
𝑚⃗ in (5) whereas it does not contain any more information allowing to locate 𝑙 and 𝑛 in the plane orthogonal to
𝑚⃗. The direction of either of these two vectors is therefore additionally required. This observation highlights the
interest of considering a ribbon as a limit case of an ellipse.

The following definitions of the crack ℐ , which are rigorously equivalent to (1), will also prove useful in the
sequel

ℐ = {𝑥⃗ = 𝐀⊺ ⋅ 𝑦, 𝑦 ∈ (Ker𝐀⊺)
⟂ = Im𝐀 = 𝑊⃗ ⟂, ‖𝑦‖ ⩽ 1} = {𝑥⃗ ∈ 𝑛⟂, ‖(𝐀⊺)† ⋅ 𝑥⃗‖ ⩽ 1} (7)

or alternatively
ℐ = {𝑥⃗ = 𝐒 ⋅ 𝑦, 𝑦 ∈ 𝑛⟂, ‖𝑦‖ ⩽ 1} = {𝑥⃗ ∈ 𝑛⟂, ‖𝐒† ⋅ 𝑥⃗‖ ⩽ 1} (8)

where 𝐒† denotes the pseudo-inverse of the (singular) tensor 𝐒

𝐒† = 𝑙 ⊗ 𝑙
𝑎

+ 𝑚⃗ ⊗ 𝑚⃗
𝑏

(ℐ = ℰ) and 𝐒† = 𝑚⃗ ⊗ 𝑚⃗
𝑏

(ℐ = ℛ)

To close this section, we introduce a useful notation. It is recalled that the direct orthogonal sumℝ3 = Span (𝑛)
⟂
⊕ 𝑛⟂

holds. In other words, any vector 𝑣 of ℝ3 can be decomposed uniquely as 𝑣 = 𝑣⋆ + 𝑣𝑛𝑛 with 𝑣⋆ ⋅ 𝑛 = 0. In the
remainder of this paper, quantities living in the plane that contains ℐ will systematically be starred, like 𝑣⋆ in the
previous orthogonal decomposition.
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(a) Elliptical crack (b) Ribbon-like crack

Fig. 2: Models of cracks

2.2 Linear elastic equilibrium of the crack and definition of COD tensor

Equilibrium of the cracked system under consideration is governed by the following boundary-value problem 𝒫

(𝒫 )

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

⃗div𝝈 = 0⃗ (ℝ3 ∖ ℐ )
𝝈 = 𝑪 ∶ 𝜺 (ℝ3 ∖ ℐ )

𝜺 = 1
2 (𝐠𝐫𝐚𝐝 𝑢 + 𝐠𝐫𝐚𝐝 𝑢⊺) (ℝ3 ∖ ℐ )

𝝈 → 𝚺 (‖𝑥⃗‖ → +∞)

𝝈 ⋅ 𝑛 = 0⃗ (ℐ )

(9)

where 𝚺 is a prescribed, symmetric, second-order tensor (see also Fig. 1). The last equation of (9) means that the
stress vector acting on the crack ℐ cancels out, which corresponds to a hypothesis of open crack. The extension
to a closed frictionless crack will be addressed in Section 2.6. For an open crack, the kinematic counterpart of a
null stress vector entails that the displacements are discontinuous at the crack ℐ : the displacement of the upper
lip (directed towards +𝑛) is 𝑢+, while the displacement of the lower lip is 𝑢− ≠ 𝑢+. The displacement jump
J𝑢K = 𝑢+ − 𝑢− is referred to as the crack opening displacement (COD). For problem 𝒫 , the general expression of
the COD is known for both elliptical and ribbon-like cracks (ℐ = ℰ, ℛ) (Hoenig, 1978; Kanaun and Levin, 2009;
Willis, 1968) after the pioneering work of Eshelby (1957) considering that the ellipse is a degenerated form of an
ellipsoid in which the smallest radius tends towards 0

∀𝑥⃗⋆ ∈ ℐ , J𝑢K(𝑥⃗⋆) = √1 − 𝑥⃗⋆ ⋅ 𝐒2† ⋅ 𝑥⃗⋆ 𝛽 = √1 − ‖𝐒† ⋅ 𝑥⃗⋆‖2 𝛽 (10)

where 𝛽 denotes the maximum COD. Introducing the cartesian coordinates 𝑥 = 𝑥⃗⋆ ⋅ 𝑙 and 𝑦 = 𝑥⃗⋆ ⋅ 𝑚⃗ of point 𝑥⃗⋆,
the above equation also reads

∀𝑥⃗⋆ ∈ ℐ , J𝑢K(𝑥⃗⋆) = √1 − 𝑥2

𝑎2 −
𝑦2

𝑏2 𝛽 (ℐ = ℰ) and J𝑢K(𝑥⃗⋆) = √1 −
𝑦2

𝑏2 𝛽 (ℐ = ℛ) (11)

Of particular interest is the average COD over the crack. Indeed, it allows the evaluation of the crack compliance
contribution tensor, which is central for the homogenization of cracked media within the framework of classical
micromechanical models (see Barthélémy et al. (2023) and references therein). It results from the above expressions
that the average COD is proportional to 𝛽

⟨J𝑢K⟩ℐ = 𝜒 𝛽 (12)

where the dimensionless coefficient 𝜒 = 𝜒ℰ , 𝜒ℛ reads, for elliptical and ribbon-like cracks

𝜒ℰ = 1
𝜋 𝑎 𝑏 ∫𝑥2

𝑎2 + 𝑦2

𝑏2 ⩽1 √1 − 𝑥2

𝑎2 −
𝑦2

𝑏2 d𝑥 d𝑦 = 2
3

and 𝜒ℛ = 1
2 𝑏 ∫

𝑏

𝑦=−𝑏 √1 −
𝑦2

𝑏2 d𝑦 = 𝜋
4

(13)
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Owing to the linearity of problem 𝒫 , 𝛽 depends linearly on the loading parameter 𝚺. In addition, the superposition
principle allows to show that the COD is the same if the remote loading vanishes and is replaced by a traction
𝚺 ⋅ 𝑛 on the upper lip and −𝚺 ⋅ 𝑛 on the lower lip so that 𝛽 actually depends only on the components of 𝚺 ⋅ 𝑛. The
following expression of the average COD then holds

⟨J𝑢K⟩ℐ
𝑏

= 𝐁 ⋅ 𝚺 ⋅ 𝑛, (14)

where 𝐁 = 𝐁ℰ , 𝐁ℛ denotes the normalized COD tensors (Kachanov, 1993, 1992). Note that in the present work,
for both elliptical and ribbon-like cracks, the COD tensor is normalized by the width 𝑏 so that 𝐁 is size-independent
(it depends only on the shape of the crack, through its aspect ratio). For an elliptical crack, 𝐁ℰ is a function of the
crack orientation (defined by the vectors 𝑛 and 𝑚⃗) and aspect ratio 𝜂: 𝐁ℰ (𝑚⃗, 𝑛, 𝜂). For a ribbon-like crack, 𝐁ℛ is a
function of 𝑛 and 𝑚⃗ only: 𝐁ℛ(𝑚⃗, 𝑛). When no confusion is possible, the arguments 𝑚⃗, 𝑛 and 𝜂 will be ommitted.

Before deriving in the sequel the strategy to exhibit 𝐁 tensors, it is worth here emphasizing the importance of taking
two different notations for elliptical and ribbon-like cracks since 𝐁ℛ is not the limit of 𝐁ℰ when 𝜂 → 0 (as already
observed by Barthélémy et al. (2021), albeit with a different normalization of the COD tensors). Geometrically
speaking, the ribbon is indeed the limiting case of the ellipse when the major radius tends to infinity and the
expressions of the COD in (11) are also consistent by the same limit. However the asymptotic expression of the area
of an ellipse differs from that of a finite-length ribbon of the same major length, which entails different normalization
factors and thus different 𝜒 coefficients in (13). Considering (12) together with the definition (14) leads to

𝛽
𝑏

= 𝐁
𝜒

⋅ 𝚺 ⋅ 𝑛, (15)

so that the consistency between the elliptical and ribbon-like shapes is given by the limit

𝐁ℛ(𝑚⃗, 𝑛) =
𝜒ℛ

𝜒ℰ lim
𝜂→0

𝐁ℰ (𝑚⃗, 𝑛, 𝜂) = 3𝜋
8

lim
𝜂→0

𝐁ℰ (𝑚⃗, 𝑛, 𝜂) (16)

2.3 Reformulation of Problem 𝒫 as an integral equation

This section recalls an efficient strategy based on integral equations (Kanaun and Levin, 2009; Kunin, 1983) for
solving the problem of a single crack embedded in an infinite matrix and in particular the crack opening displacement
and stress intensity factors induced by a remote stress state.

The starting point is Eshelby’s problem of the inclusion (Eshelby, 1957) embedded in an infinite, homogeneous,
linearly elastic matrix (𝑪 denotes the elastic stiffness and 𝑺 = 𝑪−1 the elastic compliance). It is recalled that an
inclusion is defined by Eshelby (1957) as a bounded domain 𝒟 ⊂ ℝ3 subjected to the eigenstress 𝝈∗. A uniform
remote strain 𝐄 being applied at infinity, the local strains at equilibrium read1

𝜺(𝑥⃗) = 𝐄 − ∫⃗𝑥′∈𝒟
𝜞 (𝑥⃗ − 𝑥⃗′) ∶ 𝝈∗(𝑥⃗′) dΩ𝑥′ = 𝐄 − ∫⃗𝑥′∈𝒟

𝜞 (𝑥⃗ − 𝑥⃗′) ∶ (𝝈(𝑥⃗′) − 𝑪 ∶ 𝜺(𝑥⃗′)) dΩ𝑥′ (17)

where 𝜞 is the fourth-order Green kernel associated to 𝑪 in ℝ3. Without entering into details not necessary in the
present work (see for example Willis (1977) or Mura (1987)), it is recalled that 𝜞 is the sum of a local singular part
supported by a Dirac distribution (Gel’fand and Shilov, 1964; Schwartz, 1966) and a regular part defined as the
opposite of the symmetrized hessian of the Green tensor associated to 𝑪 in ℝ3. By invariance by translation in an
infinite medium, 𝜞 operates over any prestress field as a convolution product in (17).

1Note that by convention integration elements are denoted by dΩ (resp. by d𝑆) for volume (resp. surface) elements with a subscript about
the integration variable.
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A dual version involving the stress field 𝝈 consistent with (17) can be obtained by introducing the remote stress
𝚺 = 𝑪 ∶ 𝐄, the eigenstrain 𝜺∗ = −𝑺 ∶ 𝝈∗ and the second Green kernel 𝑸(𝑥⃗) = 𝑪 δ(𝑥⃗) − 𝑪 ∶ 𝜞 (𝑥⃗) ∶ 𝑪 (where δ
denotes the Dirac distribution)

𝝈(𝑥⃗) = 𝚺 − ∫⃗𝑥′∈𝒟
𝑸(𝑥⃗ − 𝑥⃗′) ∶ 𝜺∗(𝑥⃗′) dΩ𝑥′ = 𝚺 − ∫⃗𝑥′∈𝒟

𝑸(𝑥⃗ − 𝑥⃗′) ∶ (𝜺(𝑥⃗′) − 𝑺 ∶ 𝝈(𝑥⃗′)) dΩ𝑥′ (18)

The idea is now to apply (18) to the case of an interface ℐ supported by a surface of normal unit vector 𝑛. Although
not strictly required in the general integral expression, it is assumed here that 𝑛 is uniform over the interface
consistently with the description of Section 2.1, which means that ℐ is included in the plane 𝑛⟂ orthogonal to 𝑛.

In the sense of distributions, a displacement jump J𝑢K = 𝑢+ − 𝑢− across a surface domain ℐ corresponds to a strain
field 𝜺 = J𝑢K

𝑠
⊗𝑛 δℐ where

𝑠
⊗ is the symmetrized tensor product2 and δℐ is the surface Dirac distribution supported

by ℐ . Assuming that the stress state is regular at the interface, its contribution to the integral of (18) vanishes and
as shown by Kunin (1983), (18) becomes, using the minor symmetries3 of 𝑸

𝝈(𝑥⃗) = 𝚺 − ∫⃗𝑥′⋆∈ℐ
(𝑸(𝑥⃗ − 𝑥⃗′⋆) ⋅ 𝑛) ⋅ J𝑢K(𝑥⃗′⋆) d𝑆𝑥′⋆ (19)

Note that the variable integration in (19) has been changed in 𝑥⃗′⋆ so as to recall that the integration is performed
over the plane surface ℐ . The stress vector applied on a facet of normal 𝑛 i.e. 𝑡⃗ = 𝝈 ⋅ 𝑛 of the same plane as that of
the crack writes

𝑡⃗(𝑥⃗⋆) = 𝚺 ⋅ 𝑛 − ∫⃗𝑥′⋆∈ℐ
(𝑛 ⋅ 𝑸(𝑥⃗⋆ − 𝑥⃗′⋆) ⋅ 𝑛) ⋅ J𝑢K(𝑥⃗′⋆) d𝑆𝑥′⋆ (20)

Although analytical expressions of 𝜞 or 𝑸 are not available in the general anisotropic case, it is possible to resort to
the reduced Fourier transform introduced in (106) in Appendix 6.2, to transform (19) to

𝝈(𝑥⃗⋆) = 𝚺 − 1
4𝜋2 ∫⃗𝑥′⋆∈ℐ ∫⃗𝜉⋆∈𝑛⟂

e𝑖 𝜉⋆⋅(𝑥⃗⋆−𝑥⃗′⋆)
(

1
2𝜋 ∫

+∞

𝜉𝑛=−∞
𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 d𝜉𝑛)

⋅ J𝑢K(𝑥⃗′⋆) d𝑆𝜉⋆ d𝑆𝑥′⋆ (21)

where ̂𝜞 and 𝑸̂ are the first and second fourth-order Green kernels, expressed in Fourier space (Mura, 1987; Willis,
1977)

̂𝜞 (𝜉) = 𝜉
𝑠

⊗ (𝜉 ⋅ 𝑪 ⋅ 𝜉)
−1 𝑠

⊗𝜉 and 𝑸̂(𝜉) = 𝑪 − 𝑪 ∶ ̂𝜞 (𝜉) ∶ 𝑪 (22)

The stress vector (20) is also conveniently rewritten

𝑡⃗(𝑥⃗⋆) = 𝚺 ⋅ 𝑛 − 1
4𝜋2 ∫⃗𝑥′⋆∈ℐ ∫⃗𝜉⋆∈𝑛⟂

e𝑖 𝜉⋆⋅(𝑥⃗⋆−𝑥⃗′⋆) 𝐐̂⋆
𝑛𝑛(𝜉⋆) ⋅ J𝑢K(𝑥⃗′⋆) d𝑆𝜉⋆ d𝑆𝑥′⋆ (23)

where
𝐐̂⋆

𝑛𝑛(𝜉⋆) = 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
𝑛 ⋅ 𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 d𝜉𝑛 (24)

The convergence of the integrals over 𝜉𝑛 in (21) and (24) requires to be analyzed. It comes after some algebra that

𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 = 𝑸̂
(

𝜉⋆

𝜉𝑛
+ 𝑛

)
⋅ 𝑛 = 1

𝜉𝑛
((𝑪 ⋅ 𝑛) ⋅ (𝑛 ⋅ 𝑪 ⋅ 𝑛)

−1 ⋅ (𝑛 ⋅ 𝑪 ⋅ 𝜉⋆
) − 𝑪 ⋅ 𝜉⋆

) + 𝒪 (
1
𝜉2

𝑛
)

= − 1
𝜉𝑛

𝑸̂(𝑛) ⋅ 𝜉⋆ + 𝒪 (
1
𝜉2

𝑛
)

(25)

2(𝑎
𝑠

⊗𝑏⃗)𝑖𝑗 = (𝑎𝑖𝑏𝑗 + 𝑎𝑗𝑏𝑖)/2
3Minor symmetries: 𝑄𝑗𝑖𝑘𝑙 = 𝑄𝑖𝑗𝑙𝑘 = 𝑄𝑖𝑗𝑘𝑙. Major symmetry: 𝑄𝑘𝑙𝑖𝑗 = 𝑄𝑖𝑗𝑘𝑙
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and thus
𝑛 ⋅ 𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 = 𝒪 (

1
𝜉2

𝑛
) (26)

It follows immediately that, as mentioned in Kanaun and Levin (2009), the integral (24) converges since the
integrand is 𝒪(1/𝜉2

𝑛). It also appears that some components of 𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 vary in 1/𝜉𝑛 at infinity. However the
integral is performed over the whole real set ] − ∞, +∞[ so that a regularization based on the replacement of the
integrand by its even part (𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) + 𝑸̂(𝜉⋆ − 𝜉𝑛 𝑛)) ⋅ 𝑛/2 ensures the convergence. Although interesting to
reach all components of the stress state in the crack plane, the sequel relies only on (23) and thus (24) to derive the
COD tensor and the intensity factors.

Introducing (10) in (23) while adopting a change of variables 𝑦⋆ = 𝐒† ⋅ 𝑥⃗⋆ and 𝑦′⋆ = 𝐒† ⋅ 𝑥⃗′⋆ belonging to the unit
disk of the plane 𝑛⟂ as shown in (8) as well as 𝜁⋆ = 𝐒 ⋅ 𝜉⋆ describing all the plane 𝑛⟂, yields

𝑡⃗(𝑥⃗⋆) = 𝚺 ⋅ 𝑛 − 𝚲(𝑥⃗⋆) ⋅ 𝛽 (27)

with
𝚲(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) = 1

4𝜋2 ∫𝑦′⋆∈𝑛⟂
‖𝑦′⋆‖⩽1 ∫⃗𝜁⋆∈𝑛⟂

e𝑖 𝜁⋆⋅(𝑦⋆−𝑦′⋆) √1 − ‖𝑦′⋆‖2 𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝜁⋆) d𝑆𝜁⋆ d𝑆𝑦′⋆ (28)

Using (109) and integrating with respect to 𝑦′⋆ provides

𝚲(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) = 1
2𝜋 ∫⃗𝜁⋆∈𝑛⟂

e𝑖 𝜁⋆⋅𝑦⋆ 𝑗1(‖𝜁⋆‖)

‖𝜁⋆‖
𝐐̂⋆

𝑛𝑛(𝐒† ⋅ 𝜁⋆) d𝑆𝜁⋆ (29)

To simplify (29) it is useful to introduce 𝜁⋆ = 𝑟 𝜅⃗⋆ with 𝑟 = ‖𝜁⋆‖ and 𝜅⃗⋆ which describes the unit circle of 𝑛⟂

(with an angle 𝜑𝜅⋆ varying from 0 to 2𝜋) and to remark from (108) that 𝐐̂⋆
𝑛𝑛 is positively homogeneous of degree 1,

i.e. 𝐐̂⋆
𝑛𝑛(𝜆 𝜉⋆) = |𝜆|𝐐̂⋆

𝑛𝑛(𝜉⋆) for all 𝜆 ≠ 0, so that

𝚲(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) = 1
2𝜋 ∫

2𝜋

𝜑𝜅⋆=0 ∫
+∞

𝑟=0
𝑟 𝑗1(𝑟) e𝑖 𝑟 𝜅⃗⋆⋅𝑦⋆

𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝑟 d𝜑𝜅⋆ (30)

Using the properties 𝐐̂⋆
𝑛𝑛(−𝜉⋆) = 𝐐̂⋆

𝑛𝑛(𝜉⋆) and 𝑗1(−𝑟) = −𝑗1(𝑟), (30) rewrites

𝚲(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) = 1
4𝜋 ∫

2𝜋

𝜑𝜅⋆=0 ∫
+∞

𝑟=−∞
𝑟 𝑗1(𝑟) e𝑖 𝑟 𝜅⃗⋆⋅𝑦⋆

𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝑟 d𝜑𝜅⋆ (31)

which finally yields thanks to the Fourier transform result (110)

𝚲(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) = 1
4 ∫

2𝜋

𝜑𝜅⋆=0
(H(𝜅⃗⋆ ⋅ 𝑦⋆ + 1) − H(𝜅⃗⋆ ⋅ 𝑦⋆ − 1) − δ(𝜅⃗⋆ ⋅ 𝑦⋆ + 1) − δ(𝜅⃗⋆ ⋅ 𝑦⋆ − 1)) 𝐐̂⋆

𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝜑𝜅⋆

(32)
where H is the Heaviside function (104) and δ is the Dirac distribution (102).

2.4 Crack opening displacement tensor for an open crack

The interface ℐ behaves as a frictionless open crack: the traction 𝑡⃗ vanishes at any point of the interior of ℐ .
Moreover, taking ‖𝑦⋆‖ < 1 and thus 𝜅⃗⋆ ⋅ 𝑦⋆ < 1 in (32) entails that, among the terms depending on 𝜅⃗⋆ ⋅ 𝑦⋆ in
the expression of 𝚲 in (32), only the first Heaviside function remains and is equal to 1, which confirms that 𝚲 is
uniform within ℐ . Finally inserting (32) in (27) provides a result already found in Kanaun and Levin (2009)

𝚺 ⋅ 𝑛 = 𝚲 ⋅ 𝛽 (33)



Displacement and stress intensity factors of elliptical and ribbon-like cracks in a transformed transversely isotropic matrix11

with
𝚲 = 1

4 ∫
2𝜋

𝜑𝜅⋆=0
𝐐̂⋆

𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝜑𝜅⋆ (34)

The comparison between (15) and (33) allows to identify the COD tensor as

𝐁 = 𝜒 (𝑏 𝚲)−1 (35)

which will take different values depending on the shape (elliptical or ribbon-like) of the crack.

Recalling that 𝐐̂⋆
𝑛𝑛 is positively homogeneous of degree 1, it follows from (34) that 𝚲 is inversely proportional to

the size of the crack, which could have been deduced from a simple dimensional analysis. Indeed 𝚲 writes in the
case of an elliptical crack with bounded radii

𝑏 𝚲ℰ (𝑚⃗, 𝑛, 𝑎, 𝑏) = 𝑏
4 ∫

2𝜋

𝜑𝜅⋆=0
𝐐̂⋆

𝑛𝑛 (
cos𝜑𝜅⋆

𝑎
𝑙 +

sin𝜑𝜅⋆

𝑏
𝑚⃗) d𝜑𝜅⋆

= 1
4 ∫

2𝜋

𝜑𝜅⋆=0
𝐐̂⋆

𝑛𝑛 (𝜂 cos𝜑𝜅⋆ 𝑙 + sin𝜑𝜅⋆ 𝑚⃗) d𝜑𝜅⋆

(36)

which leads to the COD tensor for an ellipse using (13)

𝐁 = 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) = 𝜒ℰ (𝑏 𝚲ℰ (𝑚⃗, 𝑛, 𝑎, 𝑏))
−1 = 8

3 (∫
2𝜋

𝜑𝜅⋆=0
𝐐̂⋆

𝑛𝑛 (𝜂 cos𝜑𝜅⋆ 𝑙 + sin𝜑𝜅⋆ 𝑚⃗) d𝜑𝜅⋆
)

−1

(ℐ = ℰ)

(37)

Further simplifcations occur in the case of a ribbon-like crack. Indeed, since 𝐒† →
𝑎→∞

𝑚⃗⊗𝑚⃗
𝑏

𝑏 𝚲ℛ(𝑚⃗, 𝑛, 𝑏) = 1
4 ∫

2𝜋

𝜑𝜅⋆=0
|sin𝜑𝜅⋆| 𝐐̂⋆

𝑛𝑛(𝑚⃗) d𝜑𝜅⋆ = 𝐐̂⋆
𝑛𝑛(𝑚⃗) (38)

which entails with the help of (13)

𝐁 = 𝐁ℛ(𝑚⃗, 𝑛) = 𝜒ℛ (𝑏 𝚲ℛ(𝑚⃗, 𝑛, 𝑏))
−1 = 𝜋

4 (𝐐̂⋆
𝑛𝑛(𝑚⃗))

−1 (ℐ = ℛ) (39)

for a ribbon.

For an open crack embedded in an isotropic matrix or aligned with the isotropy plane of a transversely isotropic
matrix, closed-form expressions of the COD tensors 𝐁ℰ and 𝐁ℛ have been derived by various authors (Barthélémy
et al., 2023; Barthélémy et al., 2021; Hoenig, 1978; Kachanov et al., 2003; Kachanov, 1992; Kachanov and
Sevostianov, 2018; Kanaun and Levin, 2009; Sevostianov and Kachanov, 2002) and are recalled in Appendices
(6.3.1) and (6.3.2).

2.5 Displacement and stress intensity factors

In order to introduce the displacement and stress intensity factors (DIF and SIF) a point 𝑥⃗⋆ belonging to the
crack-plane is considered in the vicinity of the crack-tip, i.e. 𝑥⃗⋆ = 𝑥⃗⋆

0 + 𝑟𝜈, where 𝑥⃗⋆
0 belongs to the crack-tip 𝜕ℐ ,

𝜈 is the outer unit normal to 𝜕ℐ and 𝜏 = 𝑛 ∧ 𝜈 is the unit tangent (see Fig. 3). For 𝑟 > 0, the point 𝑥⃗⋆ is located in
the (uncracked) solid; for 𝑟 < 0, it is located inside the crack.
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Fig. 3: Local frame and coordinates at crack border

The displacement intensity factor 𝑁⃗ and stress intensity factor 𝐾⃗ are two vectors that characterize at 𝑥⃗⋆ the
asymptotic behavior when 𝑟 → 0 of the COD (𝑟 < 0) and the traction 𝑡⃗ = 𝝈 ⋅ 𝑛 (𝑟 > 0), respectively (Irwin, 1957;
Kassir and Sih, 1968; Willis, 1968)

J𝑢K(𝑥⃗⋆
0 + 𝑟𝜈) ∼

𝑟→0−
8√

−𝑟
2𝜋

𝑁⃗ and 𝑡⃗(𝑥⃗⋆
0 + 𝑟𝜈) ∼

𝑟→0+

𝐾⃗
√2𝜋𝑟

(40)

Whereas the definition of the SIF 𝐾⃗ is rather classical in the literature, the factor appearing in the term introducing
the DIF 𝑁⃗ in (40) is chosen by consistency with the local energy release rate provided in Barnett and Asaro (1972)
and Rice (1989)

𝐺 = 𝐾⃗ ⋅ 𝑁⃗ (41)

This calibration confers to the DIF 𝑁⃗ the status of a vector energetically conjugate to the SIF 𝐾⃗ , rather than of a
mere relabelling of the asymptotic coefficient of the COD: any other scaling choice would introduce additional
material, geometrical or simple constants in (41). Furthermore, the DIF will turn out to be the natural primary
unknown for the transformation strategy developed in Section 3, since the transformation rules act directly on the
COD tensor, and therefore on the DIF, whereas their counterpart on the SIF additionally involves the transformation
of the COD tensor associated to a fictitious tangent ribbon-like crack (see Section 3.3).

It is emphasized that the above asymptotic behaviors of J𝑢K in √−𝑟 and 𝑡⃗ in 1/√𝑟 in the vicinity of the crack border
holds for any anisotropy of the matrix, as shown in the sequel devoted to the derivation of the expressions of 𝑁⃗ and
𝐾⃗ . To begin with, it is convenient to introduce the associated point of the unit circle 𝑦⋆

0 such that 𝑥⃗⋆
0 = 𝐒 ⋅ 𝑦⋆

0 . The
outer normal to the crack at 𝑥⃗⋆ is classically expressed as follows (see Fig. 3)

𝜈 =
𝐒† ⋅ 𝑦⋆

0

‖𝐒† ⋅ 𝑦⋆
0 ‖

therefore 𝑦⋆
0 ⋅ 𝐒† ⋅ 𝜈 =

𝑦⋆
0 ⋅ 𝐒† ⋅ 𝐒† ⋅ 𝑦⋆

0

‖𝐒† ⋅ 𝑦⋆
0 ‖

= ‖𝐒† ⋅ 𝑦⋆
0 ‖ (42)

Plugging 𝑥⃗⋆ = 𝑥⃗⋆
0 + 𝑟𝜈 into (10), using the second identity in (42) and keeping only the dominant term in 𝑟, the

first equation in (40) is retrieved

J𝑢K(𝑥⃗⋆
0 + 𝑟𝜈) ∼

𝑟→0− √−2 𝑟 𝜈 ⋅ 𝐒2† ⋅ 𝑥⃗⋆
0 𝛽 = √−2 𝑟 𝜈 ⋅ 𝐒† ⋅ 𝑦⋆

0 𝛽 = √−2 𝑟 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝛽 = 8√

−𝑟
2𝜋

𝑁⃗

where 𝑁⃗ is given by

𝑁⃗ =
√𝜋

4 √‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝛽 (43)
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Then, in order to prove the second equation in (40) and to identify 𝐾⃗ , the parameter 𝑦⋆ = 𝐒† ⋅(𝑥⃗⋆
0 +𝑟𝜈) = 𝑦⋆

0 +𝑟 𝐒† ⋅𝜈
is plugged into (27) and (32). Besides, only the terms likely to produce singularities when 𝑟 tends to 0+ are kept. In
particular, the terms 𝚺 ⋅ 𝑛 and those involving the Heaviside function are bounded so they are neglected. Exploiting
the 𝜋-periodicity of the integrand of (32) leads to

𝑡⃗(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) ∼
𝑟→0+ (

1
2 ∫

𝜋

𝜑𝜅⋆=0
( δ(𝜅⃗⋆ ⋅ 𝑦⋆ + 1) + δ(𝜅⃗⋆ ⋅ 𝑦⋆ − 1)) 𝐐̂⋆

𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝜑𝜅⋆
)

⋅ 𝛽 (44)

where 𝜑𝜅⋆ is the polar angle of 𝜅⃗⋆ with respect to the fixed unit vector 𝑦⋆
0 (i.e. 𝜅⃗⋆ = cos𝜑𝜅⋆ 𝑦⋆

0 + sin𝜑𝜅⋆ 𝑛 ∧ 𝑦⋆
0 ).

Introducing the new integration variable 𝑠 = cos𝜑𝜅⋆ (𝜅⃗⋆ = 𝑠 𝑦⋆
0 +√1 − 𝑠2 𝑛∧𝑦⋆

0 ), the above integral is transformed
as follows

𝑡⃗(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) ∼
𝑟→0+ (

1
2 ∫

1

𝑠=−1

δ(𝑠 + 𝑟 𝜅⃗⋆ ⋅ 𝐒† ⋅ 𝜈 + 1) + δ(𝑠 + 𝑟 𝜅⃗⋆ ⋅ 𝐒† ⋅ 𝜈 − 1)

√1 − 𝑠2
𝐐̂⋆

𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝑠
)

⋅ 𝛽 (45)

The calculation of (45) requires to identify the values of 𝑠 for which the arguments of the Dirac distribution δ
vanish between −1 and 1 taking into account that 𝑟 remains infinitesimal. Turning to the first occurence of the
Dirac distribution, it is seen that 𝑠 + 𝑟 𝜅⃗⋆ ⋅ 𝐒† ⋅ 𝜈 + 1 vanishes when 𝑠 approaches −1 or 𝜅⃗⋆ is in the vicinity of −𝑦⋆

0 .
Consequently 𝑠 ∼

𝑟→0+
−1 + 𝑟 𝑦⋆

0 ⋅ 𝐒† ⋅ 𝜈. Similarly, cancellation of the argument of the second Dirac distribution

occurs for 𝑠 ∼
𝑟→0+

1 − 𝑟 𝑦⋆
0 ⋅ 𝐒† ⋅ 𝜈. The dominant term in (45) as 𝑟 → 0+ is therefore

𝑡⃗(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) ∼
𝑟→0+

𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝑦⋆

0 )

√2 𝑟 𝑦⋆
0 ⋅ 𝐒† ⋅ 𝜈

⋅ 𝛽 (46)

Finally, observing that 𝐐̂⋆
𝑛𝑛 is positively homogeneous of degree 1, it results from (42) that

𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝑦⋆

0 ) = 𝐐̂⋆
𝑛𝑛(‖𝐒† ⋅ 𝑦⋆

0 ‖ 𝜈) = ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐐̂⋆

𝑛𝑛(𝜈) and 𝑡⃗(𝑥⃗⋆ = 𝐒 ⋅ 𝑦⋆) ∼
𝑟→0+

√𝜋 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐐̂⋆

𝑛𝑛(𝜈) ⋅ 𝛽

√2𝜋 𝑟

which confirms the form of the second equation in (40) where

𝐾⃗ = √𝜋 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐐̂⋆

𝑛𝑛(𝜈) ⋅ 𝛽 (47)

Eliminating 𝛽 between (43) and (47) provides the following relationship between DIF and SIF vectors

𝐾⃗ = 4 𝐐̂⋆
𝑛𝑛(𝜈) ⋅ 𝑁⃗ (48)

The relationship (48) recovers a result already proven in Kanaun (1981), Kunin (1983) or Kanaun and Levin (2009)
in the more general framework of arbitrary crack shape by a reasoning which consists in inserting the asymptotical
form (40) of J𝑢K(𝑥⃗⋆

0 + 𝑟𝜈) in the integral equation (20). Equivalent linear relationships between the SIF and the
asymptotic coefficient of the COD have also been derived, by means of boundary integral equations, in Zhao et
al. (1998) for a planar crack in the plane of isotropy of a TI matrix, and extended to coupled multi-field problems
in Zhao et al. (2007) and Li et al. (2020). The present derivation (48) generalizes these relations to an arbitrary
anisotropic matrix and an arbitrarily oriented elliptical or ribbon-like crack, the dependence on the local geometry
being entirely carried by the kernel 𝐐̂⋆

𝑛𝑛(𝜈). It is worth pointing out again here that the linear relationship (48)
between 𝐾⃗ and 𝑁⃗ is purely local: it depends on neither the macroscopic loading nor the crack radii and not even on
the crack shape according to Kanaun (1981), Kunin (1983) or Kanaun and Levin (2009) provided that J𝑢K(𝑥⃗⋆

0 + 𝑟𝜈)
be of the form (40). It involves the tensor 𝐐̂⋆

𝑛𝑛(𝜈) which is recognized in (39) as the inverse –up to a multiplicative
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constant– of the COD tensor 𝐁ℛ(𝜈, 𝑛) of a fictitious open ribbon-like crack of transverse direction 𝜈 i.e. tangent to
the border at the observation point

𝐾⃗ = 𝜋 (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝑁⃗ (49)

The local energy release rate 𝐺 (41) can then be expressed as the quadratic forms

𝐺 = 𝜋 𝑁⃗ ⋅ (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝑁⃗ = 1

𝜋
𝐾⃗ ⋅ 𝐁ℛ(𝜈, 𝑛) ⋅ 𝐾⃗ (50)

This highlights the relevance of a local 2D reasoning in the plane spanned by 𝜈 and 𝑛 as depicted in Fig. 3. Such a
reasoning, assuming that local stress components result from a combination of plane strain and antiplane shear
problems, is often taken as a starting point to analyze the DIF and SIF (see for example Kassir and Sih (1968),
Budiansky and O’Connell (1976) and Hoenig (1978)).

The link between the DIF (respectively the SIF) and the macroscopic loading 𝚺 ⋅ 𝑛 is also obtained by eliminating 𝛽
between (33) and (43) (respectively (47)), which yields

𝑁⃗ =
√𝜋

4 √‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝚲−1 ⋅ 𝚺 ⋅ 𝑛 and 𝐾⃗ = 𝜋3/2

4 √‖𝐒† ⋅ 𝑦⋆
0 ‖ (𝐁ℛ(𝜈, 𝑛))

−1 ⋅ 𝚲−1 ⋅ 𝚺 ⋅ 𝑛 (51)

Note that in (51), 𝚲 corresponds to the actual crack and is given by (36) and (38) for elliptical and ribbon-like
cracks, respectively.

Thus for an elliptical crack with bounded radii, (51) can be rewritten in terms of (fictitious and actual) COD tensors
thanks to (37), finally delivering

𝑁⃗ℰ =
3 √𝜋 𝑏

8 √𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 and 𝐾⃗ℰ =

3 𝜋3/2 √𝑏
8 √𝑏 ‖𝐒† ⋅ 𝑦⋆

0 ‖ (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛

(52)
where it is emphasized that 𝑏 ‖𝐒† ⋅ 𝑦⋆

0 ‖ is a dimensionless quantity. The local energy release rate (50) becomes

𝐺ℰ = 9 𝜋2 𝑏
64 (𝑏 ‖𝐒† ⋅ 𝑦⋆

0 ‖) 𝑛 ⋅ 𝚺 ⋅ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 (53)

For a ribbon-like crack thanks to (39) and noting that 𝑦⋆
0 = ±𝑚⃗, 𝜈 = ±𝑚⃗ and ‖𝐒† ⋅ 𝑦⋆

0 ‖ = 1
𝑏 , DIF and SIF are given

by

𝑁⃗ℛ = √
𝑏
𝜋

𝐁ℛ(𝑚⃗, 𝑛) ⋅ 𝚺 ⋅ 𝑛 and 𝐾⃗ℛ = √𝜋 𝑏 𝚺 ⋅ 𝑛 (54)

and the local energy release rate (50)

𝐺ℛ = 𝑏 𝑛 ⋅ 𝚺 ⋅ 𝐁ℛ(𝑚⃗, 𝑛) ⋅ 𝚺 ⋅ 𝑛 (55)

Quite remarkably, in the case of a ribbon-like crack embedded in an infinite elastic matrix, the SIF vector is
proportional to the resolved stress 𝚺 ⋅ 𝑛 and does not depend on the matrix stiffness. This is no longer true for
elliptical cracks as clearly put in evidence in (52). However the remarkable finding issued from the previous
developments is that DIF or SIF vectors of an elliptical or ribbon-like crack write by means of only COD tensors,
either the one attached to the actual crack or a combination of the latter and the one related to the tangent ribbon at
the considered point of the crack front.
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2.6 Extension to the case of a closed frictionless crack

A closed frictionless crack is characterized by a normal stress vector acting on the crack ℐ and a purely tangential
displacement discontinuity so that the last equation of (9) is replaced by

𝑡⃗ = 𝝈 ⋅ 𝑛 = 𝑡𝑛𝑛 and J𝑢K ⋅ 𝑛 = 0 (ℐ ) (56)

where 𝑡𝑛 is an arbitrary scalar (possibly restricted to negative values in case of unilateral conditions allowing opening
and closing).

Beside strategies relying on the introduction of adequate 3D fictitious crack material within a flat ellipsoid (Deude
et al., 2002; Dormieux and Kondo, 2009), the contribution of a closed frictionless crack may be simply addressed
using the integral equation formalism presented in Section 2.3. In particular it is shown herein that the COD tensor
of such a crack (denoted here with an overbar 𝐁̄) can easily be deduced from its open counterpart, i.e. the COD
tensor of the open crack of the same geometry embedded in the same medium still denoted 𝐁.

The reasoning starts by assuming that the displacement discontinuity still remains of the form (10) depending on
the maximum COD 𝛽 which must here satisfy 𝛽 ⋅ 𝑛 = 0 according to (56). As 𝑡⃗ does not vanish anymore on the
crack surface, (33) does not hold anymore but (27) applied at any point of ℐ implies now

𝑡𝑛𝑛 = 𝚺 ⋅ 𝑛 − 𝚲 ⋅ 𝛽 (57)

where the uniform tensor 𝚲 is still given by (34) and the normal stress 𝑡𝑛 is uniform over the crack surface. The
condition 𝛽 ⋅ 𝑛 = 0 finally yields

𝑡𝑛 = 𝑛 ⋅ 𝚲−1

𝑛 ⋅ 𝚲−1 ⋅ 𝑛
⋅ 𝚺 ⋅ 𝑛 (58)

and
𝛽 = 𝚲−1 ⋅ (𝚺 ⋅ 𝑛 − 𝑡𝑛𝑛) = (𝚲−1 − 𝑛 ⋅ 𝚲−1 ⊗ 𝚲−1 ⋅ 𝑛

𝑛 ⋅ 𝚲−1 ⋅ 𝑛 ) ⋅ 𝚺 ⋅ 𝑛 (59)

The normalized average COD is then given from (12)

⟨J𝑢K⟩ℐ
𝑏

=
𝜒
𝑏 (𝚲−1 − 𝑛 ⋅ 𝚲−1 ⊗ 𝚲−1 ⋅ 𝑛

𝑛 ⋅ 𝚲−1 ⋅ 𝑛 ) ⋅ 𝚺 ⋅ 𝑛 (60)

Consistently with the general definition (14) of the COD tensor, a new COD tensor for the closed frictionless crack
𝐁̄ can be defined from (60) recalling that 𝚲−1 is related to the COD tensor of the corresponding open crack by
(35)

𝐁̄ = 𝐁 − 𝑛 ⋅ 𝐁 ⊗ 𝐁 ⋅ 𝑛
𝑛 ⋅ 𝐁 ⋅ 𝑛

(61)

It is immediatly retrieved from (58), (59) and (61) that, whatever the anisotropy of the matrix, a remote uniaxial
stress directed along the crack normal does not produce any crack opening displacement and the remote normal
stress is fully transferred to the crack normal stress. The stress and strain fields are then indeed uniform in this
case.

If 𝐁 is diagonal in the crack axes i.e. of the form (120), for instance in the conditions of isotropic or transversely
isotropic matrix of Appendix 6.3, the cracking modes are then uncoupled and the closed COD tensor 𝐁̄ is simply
the projection of 𝐁 onto the crack plane

𝐁 = 𝐵𝑙𝑙 𝑙 ⊗ 𝑙 + 𝐵𝑚𝑚 𝑚⃗ ⊗ 𝑚⃗ + 𝐵𝑛𝑛 𝑛 ⊗ 𝑛 ⇒ 𝐁̄ = 𝐵𝑙𝑙 𝑙 ⊗ 𝑙 + 𝐵𝑚𝑚 𝑚⃗ ⊗ 𝑚⃗ (62)
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In the general case of arbitrary anisotropy, 𝐁 is a symmetric second-order tensor with possible non-zero off-diagonal
terms inducing coupling between opening and shear modes. The closed counterpart 𝐁̄ writes from (61) as

𝐁̄ =
(

𝐵𝑙𝑙 −
𝐵2

𝑛𝑙
𝐵𝑛𝑛 )

𝑙 ⊗ 𝑙 + (𝐵𝑙𝑚 −
𝐵𝑛𝑙 𝐵𝑚𝑛

𝐵𝑛𝑛 ) (𝑙 ⊗ 𝑚⃗ + 𝑚⃗ ⊗ 𝑙) +
(

𝐵𝑚𝑚 −
𝐵2

𝑚𝑛
𝐵𝑛𝑛 )

𝑚⃗ ⊗ 𝑚⃗ (63)

Again as expected, a closed frictionless crack cannot exhibit any mode I so that the only possible couplings occur
between shear modes in 𝐁̄. In addition it is shown on (63) that, in presence of initial couplings in open state
(off-diagonal terms in 𝐁), crack closure with frictionless condition implies a possible change of all (diagonal and
off-diagonal) COD tensor components.

The subsequent calculation of DIF and SIF vectors may now stem from a careful adaptation of the results presented
in Section 2.5. As already recalled in Section 2.5 invoking adequate references, the relationship (48) between 𝐾⃗ and
𝑁⃗ is very general and it has been shown in (49) that it involves the COD tensor of a local fictitious open ribbon-like
crack tangent to the border at the observation point. The reasoning leading to the relationship (49) remains valid
even in the case of a closed frictionless crack being understood that the fictitious tangent COD tensor is still that of
an open crack and is still invertible so that (50) holds. What is changed in the case of a closed frictionless crack is
the link between the local properties (COD, DIF, or SIF) and the remote loading 𝚺 through the definition of the new
COD tensor obtained from its open counterpart by (61). It follows that (64), (65), (66) and (67) are respectively
modified as

𝑁⃗ℰ =
3 √𝜋 𝑏

8 √𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐁̄ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 and 𝐾⃗ℰ =

3 𝜋3/2 √𝑏
8 √𝑏 ‖𝐒† ⋅ 𝑦⋆

0 ‖ (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝐁̄ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛

(64)

𝐺ℰ = 9 𝜋2 𝑏
64 (𝑏 ‖𝐒† ⋅ 𝑦⋆

0 ‖) 𝑛 ⋅ 𝚺 ⋅ 𝐁̄ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ (𝐁ℛ(𝜈, 𝑛))
−1 ⋅ 𝐁̄ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 (65)

𝑁⃗ℛ = √
𝑏
𝜋

𝐁̄ℛ(𝑚⃗, 𝑛) ⋅ 𝚺 ⋅ 𝑛 and 𝐾⃗ℛ = √𝜋 𝑏 (𝐁ℛ(𝑚⃗, 𝑛))
−1 ⋅ 𝐁̄ℛ(𝑚⃗, 𝑛) ⋅ 𝚺 ⋅ 𝑛 (66)

𝐺ℛ = 𝑏 𝑛 ⋅ 𝚺 ⋅ 𝐁̄ℛ(𝑚⃗, 𝑛) ⋅ 𝚺 ⋅ 𝑛 (67)

To sum up the present section, the calculation of the COD tensor and subsequently the SIF vector of an open or
closed frictionless crack embedded in an infinite matrix is reduced to the calculation of the integral (32), which
specializes to (36) for an elliptical crack and (38) for a ribbon-like crack, being recalled that 𝐐̂⋆

𝑛𝑛 is itself defined by
an integral (24). Analytical evaluation of these integrals is possible in a priori a rather limited number of cases of
material symmetries, such as cracks embedded in an isotropic matrix or a transversely isotropic matrix and aligned
with the isotropy plane (Kanaun and Levin, 2009). Appendix 6.3 recalls the corresponding analytical expressions of
the COD tensor. For more general cases of anisotropy, the COD tensors must be evaluated numerically by cubature
(Kanaun and Levin, 2009). Note that an alternative numerical strategy relying on the application of the Cauchy
residue theorem by Masson (2008) was proposed by Barthélémy (2009) to build the fourth-order crack compliance
contribution tensor related to the COD tensor.

Linear transformations, as introduced by Pouya (2000) and exploited by Pouya and Zaoui (2006), Pouya (2007),
Kachanov and Sevostianov (2018), Kushch and Sevostianov (2020), Sevostianov and Kushch (2020), Barthélémy
(2020), Barthélémy et al. (2021) or Barthélémy et al. (2023), allow to widen considerably the class of material
symmetries for which analytical expressions of the COD tensor and the SIF vector can be derived. In particular, the
so-called elliptical orthotropy (EO), can be reached by transforming an isotropic matrix. Similarly, transformed
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transversely isotropic materials (TraTI) result from the linear transformation of a transversely isotropic (TI)
matrix; the TraTI class contains not only a subset of orthotropy but also a subset of monoclinic symmetry. Linear
transformations of the crack problem considered above are introduced in the next section.

3 Transformation of the crack problem

Linear transformations were introduced by Pouya (2000) within the framework of linear elasticity: from the solution
to a well-posed problem of linear, elastic equilibrium, a variety of solutions to transformed problems can be
produced by linear transformations. In particular, the known solution to the problem of a single crack embedded in
a transversely isotropic (TI) matrix and aligned along the isotropy plane produces a new solution for a transformed
crack embedded in the corresponding transformed transversely isotropic (TraTI) matrix. In particular DIF and SIF
tensors can be calculated at any point of the boundary of the transformed crack.

The linear transformation involves two problems 𝒫 and 𝒫 ♯ with the convention such that the symbol ♯ refers to the
problem with known solution. In concrete terms, a linear relationship 𝑥⃗ ↦ 𝑥⃗♯ is applied to the coordinates

𝑥⃗♯ = 𝐏−1 ⋅ 𝑥⃗ ⟺ 𝑥⃗ = 𝐏 ⋅ 𝑥⃗♯ (68)

where 𝐏 denotes an invertible, second-order tensor.

As shown by Pouya and Zaoui (2006), the field solutions to 𝒫 can be linearly related to those of 𝒫 ♯. Besides,
in principle, the SIF and DIF vectors can then be retrieved from the asymptotic expansions (40) of 𝑢 and 𝝈 near
the tip of the crack ℐ . However, instead of resorting to these asymptotic expansions, it is chosen here to relate
the (known) transformed COD tensor 𝐁♯ to the initial COD tensor 𝐁 and consequently the SIF and DIF vectors 𝐾⃗
and 𝑁⃗ from their expressions as functions of 𝐁, see (52) and (54). Such a derivation first requires to analyze the
geometrical transformation of the crack as presented in Section 3.1 (with details in Appendix 6.5) and to recall that
the relationship between the actual elastic stiffness 𝑪 and its transformed counterpart 𝑪♯ is given by Pouya and
Zaoui (2006) and Barthélémy (2020)

𝑪 = (𝐏
𝑠

⊠ 𝐏) ∶ 𝑪♯ ∶ (𝐏
𝑠

⊠ 𝐏)⊺ (69)

3.1 Transformation of the crack

This section aims at examining the effect of a linear transformation on an elliptical or ribbon-like crack and concretely
derive the relationships between the initial crack and its transformed counterpart. The main results are simply
collected here whereas detailed proofs are provided in Appendix 6.5. It is first remarked that the present study of a
transformed elliptical crack slightly differs from that in Barthélémy et al. (2021) and Barthélémy et al. (2023) in
which the crack is seen as a flat ellipsoid.

Through the linear mapping (68), the initial crack ℐ is transformed into ℐ ♯

𝑥⃗♯ ∈ ℐ ♯ ⟺ 𝐏 ⋅ 𝑥⃗♯ ∈ ℐ (70)

The equation of the transformed crack relies then on the introduction of (68) in the ellipse parametrization (7) which
yields the correspondence between the characteristic tensors 𝐀 and 𝐀♯ respectively attached to ℐ and ℐ ♯

𝐀 = 𝐀♯ ⋅ 𝐏⊺ ⟺ 𝐀♯ = 𝐀 ⋅ 𝐏−⊺ (71)

The characteristic tensor 𝐀♯ of ℐ ♯ is associated with new radii 𝑎♯ ⩾ 𝑏♯, major 𝑙♯ and minor 𝑚⃗♯ directions and
normal 𝑛♯. Since 𝐏 is invertible, it preserves the rank of 𝐀 so that the transformed crack remains elliptical (resp.
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ribbon-like). The results fully describing the transformed crack are collected here, all the derivations being detailed
in Appendix 6.5.

The normal 𝑛♯ to the transformed crack is given by

𝑛♯ = 𝐏⊺ ⋅ 𝑛
‖𝐏⊺ ⋅ 𝑛‖

⟺ 𝑛 = 𝐏−⊺ ⋅ 𝑛♯

‖𝐏−⊺ ⋅ 𝑛♯‖
and ‖𝐏⊺ ⋅ 𝑛‖ = 1

‖𝐏−⊺ ⋅ 𝑛♯‖
(72)

From the proof presented in Appendix 6.5, it comes that the radii 𝑎♯ and 𝑏♯ (𝑎♯ ⩾ 𝑏♯) read

𝑎♯ =
√𝑎2 ‖𝑔‖2 + 𝑏2 ‖ℎ⃗‖2 + 2 𝑎 𝑏 ‖𝑔 ∧ ℎ⃗‖ + √𝑎2 ‖𝑔‖2 + 𝑏2 ‖ℎ⃗‖2 − 2 𝑎 𝑏 ‖𝑔 ∧ ℎ⃗‖

2
(73)

and

𝑏♯ =
√𝑎2 ‖𝑔‖2 + 𝑏2 ‖ℎ⃗‖2 + 2 𝑎 𝑏 ‖𝑔 ∧ ℎ⃗‖ − √𝑎2 ‖𝑔‖2 + 𝑏2 ‖ℎ⃗‖2 − 2 𝑎 𝑏 ‖𝑔 ∧ ℎ⃗‖

2
(74)

where 𝑔 and ℎ⃗ are the images of the initial axes by the inverse transformation

𝑔 = 𝐏−1 ⋅ 𝑙 and ℎ⃗ = 𝐏−1 ⋅ 𝑚⃗ (75)

and ‖𝑔 ∧ ℎ⃗‖ is the area-stretch factor, equal to ‖𝐏⊺ ⋅ 𝑛‖/|det𝐏| by Nanson’s formula (see Appendix 6.5.1).

The major 𝑙♯ and minor 𝑚⃗♯ axes write in closed-form

𝑙♯ = 𝑤⃗
‖𝑤⃗‖

and 𝑚⃗♯ = 𝑛♯ ∧ 𝑙♯ (76)

where 𝑤⃗ denotes the vector of largest norm between

𝑤⃗𝑙 = (𝑎2 ‖𝑔‖2 − 𝑏♯2
) 𝑔 + 𝑏2 (𝑔 ⋅ ℎ⃗) ℎ⃗

𝑤⃗𝑚⃗ = 𝑎2 (𝑔 ⋅ ℎ⃗) 𝑔 + (𝑏2 ‖ℎ⃗‖2 − 𝑏♯2
) ℎ⃗

(77)

These expressions fully rely on the characteristics of the initial crack since 𝑏♯ is given by (74). This choice guarantees
a non-zero direction, except in the circular case 𝑎♯ = 𝑏♯ for which the axes are arbitrary (see Appendix 6.5).

In the ribbon-like limit (𝑎, 𝑎♯ → ∞), the major axis aligns with 𝑔 and the ratio 𝑏♯/𝑏 degenerates into

𝑙♯ ∼
𝑎,𝑎♯→∞

𝑔
‖𝑔‖

, 𝑚⃗♯ = 𝑛♯ ∧ 𝑙♯ and 𝑏♯

𝑏
∼

𝑎,𝑎♯→∞

‖𝑔 ∧ ℎ⃗‖
‖𝑔‖

(78)

3.2 Transformation of the crack opening displacement tensor

The starting point of the derivation is the transformation of the Green kernels in Fourier space. First, it is worth
noting that 𝜉♯ = 𝐏⊺ ⋅ 𝜉 in order to satisfy the consistency of the scalar product 𝑥⃗ ⋅ 𝜉 = 𝑥⃗♯ ⋅ 𝜉♯. Then, after some
algebra, the kernels ̂𝜞 and 𝑸̂ defined in (22) are related to their transformed counterparts ̂𝜞 ♯ and 𝑸̂♯ associated to
the transformed stiffness 𝑪♯ (69) as

̂𝜞 (𝜉) = (𝐏
𝑠

⊠ 𝐏)−⊺ ∶ ̂𝜞 ♯(𝐏⊺ ⋅ 𝜉) ∶ (𝐏
𝑠

⊠ 𝐏)−1 (𝑎)

𝑸̂(𝜉) = (𝐏
𝑠

⊠ 𝐏) ∶ 𝑸̂♯(𝐏⊺ ⋅ 𝜉) ∶ (𝐏
𝑠

⊠ 𝐏)⊺ (𝑏)
(79)
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It follows that the reduced Fourier transforms 𝐐̂⋆
𝑛𝑛 and 𝐐̂♯⋆

𝑛𝑛 (see definition in (105) being understood that 𝑸̂ and
𝑸̂♯ are reduced along and are left and right contracted by respectively 𝑛 and 𝑛♯) can be related thanks to (72) after
adequate calculations and change of integration variable

𝐐̂⋆
𝑛𝑛(𝜉⋆) = 1

2𝜋 ∫
+∞

𝜉𝑛=−∞
𝑛 ⋅ 𝑸̂(𝜉⋆ + 𝜉𝑛 𝑛) ⋅ 𝑛 d𝜉𝑛

= 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
𝑛 ⋅ (𝐏

𝑠
⊠ 𝐏) ∶ 𝑸̂♯

(𝐏⊺ ⋅ 𝜉⋆ + 𝜉𝑛 𝐏⊺ ⋅ 𝑛) ∶ (𝐏
𝑠

⊠ 𝐏)⊺ ⋅ 𝑛 d𝜉𝑛

= 𝐏 ⋅
(

1
2𝜋 ∫

+∞

𝜉𝑛=−∞
(𝐏⊺ ⋅ 𝑛) ⋅ 𝑸̂♯

(𝐏⊺ ⋅ 𝜉⋆ + 𝜉𝑛 𝐏⊺ ⋅ 𝑛) ⋅ (𝐏⊺ ⋅ 𝑛) d𝜉𝑛)
⋅ 𝐏⊺

= ‖𝐏⊺ ⋅ 𝑛‖2 𝐏 ⋅
(

1
2𝜋 ∫

+∞

𝜉𝑛=−∞
𝑛♯ ⋅ 𝑸̂♯

(𝐏⊺ ⋅ 𝜉⋆ + 𝜉𝑛 ‖𝐏⊺ ⋅ 𝑛‖ 𝑛♯
) ⋅ 𝑛♯ d𝜉𝑛)

⋅ 𝐏⊺

= ‖𝐏⊺ ⋅ 𝑛‖ 𝐏 ⋅ (
1

2𝜋 ∫
+∞

𝜉′=−∞
𝑛♯ ⋅ 𝑸̂♯

(𝐏⊺ ⋅ 𝜉⋆ + 𝜉′ 𝑛♯
) ⋅ 𝑛♯ d𝜉′

) ⋅ 𝐏⊺

= ‖𝐏⊺ ⋅ 𝑛‖ 𝐏 ⋅ 𝐐̂♯⋆
𝑛𝑛 (𝐏⊺ ⋅ 𝜉⋆) ⋅ 𝐏⊺

(80)

Before exploiting (80) in (34) to identify the relationship between the operator 𝚲 and its counterpart 𝚲♯, it is worth
recalling the following identity proven in Appendix 6.5.3

𝐏⊺ ⋅ 𝐒† = 𝐒♯† ⋅ 𝐑♯⊺ ⋅ 𝐑 + 𝑛♯ ⊗ 𝑌 (81)

where 𝐑♯⊺ ⋅ 𝐑 is a rotation sending 𝑛 to 𝑛♯ and 𝑛⟂ to 𝑛♯⟂ and 𝑌 is an undefined vector. Using (34) together with
(80) and (81) provides

𝚲 = 1
4 ∫⃗𝜅⋆∈𝑛⟂,‖𝜅⃗⋆‖=1

𝐐̂⋆
𝑛𝑛(𝐒† ⋅ 𝜅⃗⋆) d𝜑𝜅⋆

= ‖𝐏⊺ ⋅ 𝑛‖ 𝐏 ⋅ (
1
4 ∫⃗𝜅⋆∈𝑛⟂,‖𝜅⃗⋆‖=1

𝐐̂♯⋆
𝑛𝑛 (𝐏⊺ ⋅ 𝐒† ⋅ 𝜅⃗⋆) d𝜑𝜅⋆) ⋅ 𝐏⊺

= ‖𝐏⊺ ⋅ 𝑛‖ 𝐏 ⋅ (
1
4 ∫⃗𝜅♯⋆∈𝑛♯⟂,‖𝜅⃗♯⋆‖=1

𝐐̂♯⋆
𝑛𝑛 (𝐒♯† ⋅ 𝜅⃗♯⋆) d𝜑𝜅♯⋆) ⋅ 𝐏⊺

= ‖𝐏⊺ ⋅ 𝑛‖ 𝐏 ⋅ 𝚲♯ ⋅ 𝐏⊺ = 1
‖𝐏−⊺ ⋅ 𝑛♯‖

𝐏 ⋅ 𝚲♯ ⋅ 𝐏⊺

(82)

where in the third equation, (81) is used to replace 𝐏⊺ ⋅ 𝐒† ⋅ 𝜅⃗⋆ by 𝐒♯† ⋅ 𝐑♯⊺ ⋅ 𝐑 ⋅ 𝜅⃗⋆ + (𝑌 ⋅ 𝜅⃗⋆)𝑛♯. This last term is
removed by virtue of (107) and in the first term 𝜅⃗♯⋆ = 𝐑♯⊺ ⋅ 𝐑 ⋅ 𝜅⃗⋆ describes the unit circle of the plane 𝑛♯⟂, since
𝐑♯⊺ ⋅ 𝐑 is a rotation mapping 𝑛⟂ to 𝑛♯⟂.

For elliptical cracks, the COD tensors 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) and 𝐁ℰ ♯(𝑚⃗♯, 𝑛♯, 𝜂♯) can be related by invoking (37), delivering

𝐁ℰ (𝑚⃗, 𝑛, 𝜂) = 1
‖𝐏⊺ ⋅ 𝑛‖

𝑏♯

𝑏
𝐏−⊺ ⋅ 𝐁ℰ ♯(𝑚⃗♯, 𝑛♯, 𝜂♯) ⋅ 𝐏−1 = ‖𝐏−⊺ ⋅ 𝑛♯‖ 𝑏♯

𝑏
𝐏−⊺ ⋅ 𝐁ℰ ♯(𝑚⃗♯, 𝑛♯, 𝜂♯) ⋅ 𝐏−1 (83)

where the dimensionless quantities 𝑏♯/𝑏 and 𝜂♯ = 𝑏♯/𝑎♯ are given by expressions (146) and (147).

In the case of ribbon-like cracks, (39) and (78) providing 𝑏♯/𝑏 are used to transform (82) into

𝐁ℛ(𝑚⃗, 𝑛) = 1
‖𝐏⊺ ⋅ 𝑛‖

𝑏♯

𝑏
𝐏−⊺ ⋅ 𝐁ℛ♯(𝑚⃗♯, 𝑛♯) ⋅ 𝐏−1 = 1

‖𝐏−1 ⋅ 𝑙‖ |det𝐏|
𝐏−⊺ ⋅ 𝐁ℛ♯(𝑚⃗♯, 𝑛♯) ⋅ 𝐏−1 (84)

Note that, up to a different normalization of the COD tensors, the above results coincide with previous results
presented in Barthélémy et al. (2021) and Barthélémy et al. (2023). The derivation proposed here is however more
straightforward and more elegant.
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3.3 Transformation of the displacement and stress intensity factors

In the present section, the above results are used to derive a strategy allowing to express the DIF and SIF vectors of
cracks embedded in a transformed matrix before application to the TraTI case in Section 4.

The starting point is the initial problem 𝒫 of an elliptical crack (possibly degenerated in a ribbon-like crack)
embedded in an unbounded elastic matrix of stiffness 𝑪 . The expected outcomes of the analysis are the DIF and
SIF vectors 𝑁⃗ and 𝐾⃗ of the crack embedded in the matrix of interest 𝑪 , together with the local energy release rate
𝐺 which usually governs crack propagation. It is assumed that a linear transformation 𝐏 has been identified, that
transforms problem 𝒫 into 𝒫 ♯, for which the COD tensor is known (for example, the transformed matrix 𝑪♯ is
isotropic or transversely isotropic while the transformed crack ℐ ♯ is aligned with the isotropy plane, see Appendix
6.3).

Ideally, a direct relationship between initial and transformed DIF and SIF vectors should be derived, similarly to
the relationship between initial and transformed COD derived in Section 3.2. However, the derivation of such
relationships seems complex (if possible at all) and an alternative approach is presented here, based on the general
results presented in Section 2.2. Indeed, for any stiffness tensor 𝑪 and crack ℐ ∈ {ℰ, ℛ}, the DIF and SIF vectors
can be expressed as function of the COD tensors, see (54) and (52). Note that for elliptical cracks, (52) involves the
true COD tensor as well as the COD tensor of the fictitious tangent ribbon-like crack. From this observation, the
proposed strategy becomes quite clear.

For a ribbon-like crack, first, the SIF vector 𝐾⃗ℛ is readily found from (54). The COD tensor 𝐁ℛ♯ of the transformed
ribbon being known, the COD tensor of the initial ribbon 𝐁ℛ is obtained from (84). The DIF vector 𝑁⃗ℛ of the
initial problem then results from (54). The local energy release rate 𝐺ℛ finally follows from (41) or (55).

For an elliptical crack, the strategy is more involved and detailed below. The initial crack is defined by the tensor 𝐀
and its decomposition (99). The initial stiffness tensor 𝑪 and linear transformation 𝐏 are also given.

1. Use (72) to find the normal 𝑛♯ to the transformed crack.

2. Find the transformed axes 𝑙♯ and 𝑚⃗♯ from (76), together with the transformed radii 𝑎♯, 𝑏♯ and aspect ratio
𝜂♯ = 𝑏♯/𝑎♯ from (73), (74) and (147).

3. Identify the transformed stiffness tensor 𝑪♯ from (69).

4. Calculate the transformed COD tensor 𝐁ℰ ♯(𝑚⃗♯, 𝑛♯, 𝜂♯). If the transformed matrix has simple symmetries, use
Appendix 6.3.

5. Use (83) to evaluate the initial COD tensor 𝐁ℰ (𝑚⃗, 𝑛, 𝜂).

6. Choose a point 𝑥⃗⋆
0 ∈ 𝜕ℰ at which the DIF and SIF vectors are to be evaluated. Use for example the

parametrizations proposed in Section 6.4 where 𝑦⋆
0 and 𝑥⃗⋆

0 are expressed as in (134).

7. Find the DIF from (52) and (136)

𝑁⃗ℰ =
3 √𝜋 𝑏

8 √𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 (85)

8. Use (135) to find the initial tangent frame (𝜈, 𝜏).

9. Compute the transformed tangent frame (𝜈♯, 𝜏♯) from the following identities

𝜏♯ = 𝐏−1 ⋅ 𝜏
‖𝐏−1 ⋅ 𝜏‖

and 𝜈♯ = 𝜏♯ ∧ 𝑛♯ (86)
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10. Calculate the COD tensor of the transformed, fictitious, tangent ribbon-like crack 𝐁ℛ♯(𝜈♯, 𝑛♯). If possible,
use Appendix 6.3. Beware that the transverse vector is 𝜈♯ and not 𝑚⃗♯.

11. Calculate 𝐁ℛ(𝜈, 𝑛) from equation (84). Beware that the longitudinal vector of the fictitious ribbon is 𝜏 and
not 𝑙

𝐁ℛ(𝜈, 𝑛) = 1
‖𝐏−1 ⋅ 𝜏‖ |det𝐏|

𝐏−⊺ ⋅ 𝐁ℛ♯(𝜈♯, 𝑛♯) ⋅ 𝐏−1 (87)

12. Use (52) and (136) to evaluate the SIF vector 𝐾⃗

𝐾⃗ℰ =
3 𝜋3/2 √𝑏

8 √𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ (𝐁ℛ(𝜈, 𝑛))

−1 ⋅ 𝐁ℰ (𝑚⃗, 𝑛, 𝜂) ⋅ 𝚺 ⋅ 𝑛 (88)

13. The local energy release rate 𝐺ℰ then follows directly from (41) as 𝐺ℰ = 𝐾⃗ℰ ⋅ 𝑁⃗ℰ , or equivalently from the
quadratic form (53).

The SIF vector can classically be decomposed in modes

𝐾𝐼 = |𝐾⃗ℰ ⋅ 𝑛| , 𝐾𝐼𝐼 = |𝐾⃗ℰ ⋅ 𝜈| , 𝐾𝐼𝐼𝐼 = |𝐾⃗ℰ ⋅ 𝜏| (89)

The strategy above extends to a closed frictionless crack within the same framework. Following Section 2.6, it
suffices to replace the COD tensor of the actual crack by its closed counterpart 𝐁̄ defined in (61), the fictitious
tangent ribbon-like crack remaining open. The DIF, SIF and energy release rate are then obtained from (64) and
(65) for an elliptical crack, and from (66) and (67) for a ribbon-like crack, instead of their open-crack analogues.

4 Application to a transformed transversely isotropic material

In this section a short example is proposed. In this application, the stiffness tensor 𝑪 that stems from a TI tensor
𝑪♯ of axis 𝑒3 and parameters 𝐸, 𝐻 , 𝜈1, 𝜈2 and Γ (see (126)) and a transformation tensor 𝐏 depending on three
parameters, a ratio 𝜛 > 0 and two angles 𝜃 and 𝜙, of the form

𝐏 = 𝜛 𝑒1 ⊗ 𝑒1 + 𝑒2 ⊗ 𝑒2 + 𝑒𝑟(𝜃, 𝜙) ⊗ 𝑒3 with 𝑒𝑟(𝜃, 𝜙) = cos 𝜃 𝑒3 + sin 𝜃 (cos𝜙 𝑒1 + sin𝜙 𝑒2) (90)

where the angles 𝜃 ∈ [0, 𝜋/2[ and 𝜙 ∈ [0, 2𝜋] induce a monoclinic material symmetry by inclination of the axis 𝑒3
towards 𝑒𝑟(𝜃, 𝜙) and 𝜛 allows to break the isotropy in the plane Span (𝑒1, 𝑒2). The effect of the latter parameter can
be observed on the Kelvin-Mandel representation of the transformed compliance tensor (127) for 𝜃 = 0

Mat (𝑺(𝜃 = 0)) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
𝐸𝜛4

−𝜈1
𝐸𝜛2

−𝜈2
𝐸𝜛2 0 0 0

−𝜈1
𝐸𝜛2

1
𝐸

−𝜈2
𝐸 0 0 0

−𝜈2
𝐸𝜛2

−𝜈2
𝐸

1
𝐸𝐻 0 0 0

0 0 0 1+𝜈1
𝐸Γ 0 0

0 0 0 0 1+𝜈1
𝐸Γ𝜛2 0

0 0 0 0 0 1+𝜈1
𝐸𝜛2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(91)

The ellipse is chosen in such a way that 𝑒1 is the major and 𝑒2 the minor axes, which implies that the transformation
of the type (90) leaves the orientations of axes unchanged but applies a homothety on the radius 𝑎, in other words

𝐀 = 𝑏 (
𝑒1 ⊗ 𝑒1

𝜂
+ 𝑒2 ⊗ 𝑒2) and 𝐀♯ = 𝐀 ⋅ 𝐏−⊺ = 𝑏 (

𝑒1 ⊗ 𝑒1
𝜂 𝜛

+ 𝑒2 ⊗ 𝑒2) (92)
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It follows that the aspect ratio 𝜂♯ is min(𝜂 𝜛, 1
𝜂 𝜛 ) and the orientations of major and minor axes are possibly

inverted between the two ellipses depending on the magnitude of 𝜂 𝜛.

Application of the strategy proposed in Section 3.3 delivers the local stress and displacement intensity factors 𝐾⃗
and 𝑁⃗ , from which the local energy release rate 𝐺 (41) can be evaluated.

As regards remote conditions and numerical values, an elliptical crack of aspect ratio 𝜂 = 1/4 is considered,
subjected to a uniform remote traction 𝚺 = Σ33𝑒3 ⊗ 𝑒3. The initial TI matrix, from which the actual TraTI matrix
derives, is defined by the following parameters

𝐻 = 2, 𝜈1 = 0.4, 𝜈2 = 0.3 and Γ = 3,

with various values of 𝜃, 𝜙 and 𝜛 for the transformation 𝐏 (90). As the energy release rate 𝐺 is always normalized
in the sequel, the modulus 𝐸 doesn’t play any role. It is however emphasized that the normalization value for 𝐺 is
systematically unique, taken from the analytical derivation, for different methods used in the same figure so that
absolute and not only relative values remain comparable: practically, for each (𝜙, 𝜛) pair, the local energy release
rate is normalized by the maximum local value of the present closed-form solution. This maximum occurs for
𝜃 = 𝜋/4 in the following results.

The closed-form solution is first assessed in 4.1 against two independent numerical methods, a direct finite element
simulation and a semi-analytical evaluation with the Echoes library (Barthélémy, 2026), the former being limited
to a moderate stiffness contrast for the reason explained therein. It is then exploited in 4.2 to study the influence
of the transformation on the local energy release rate over a wide range of contrasts, for which a direct numerical
resolution would be impractical.

4.1 Numerical and semi-analytical validation

The closed-form distributions are first verified by a direct finite element (FE) simulation. The infinite medium is
truncated by a sphere of radius 𝑅 = 5 𝑎, meshed with tetrahedra refined in a torus around the crack front (element
size 𝑏/12 at the tip) with Gmsh (Geuzaine and Remacle, 2009), the elasticity problem being solved with cubic (𝑃3)
Lagrange elements (of the order of 7.3 × 105 degrees of freedom) in the FEniCSx/DOLFINx environment (Baratta et
al., 2023).

Truncating the medium to a finite sphere would, on its own, bias the crack opening by a term of order 𝑂((𝑎/𝑅)3).
This bias is attenuated by the finite-distance correction of Adessina et al. (2017) and Du et al. (2020), revisited here
for a crack. Far from the crack, the opened crack radiates as an elastic dipole, so the displacement prescribed on the
outer boundary superposes the remote affine field and this dipole field,

𝑢(𝑥⃗) ≈
‖𝑥⃗‖→∞

(𝑺 ∶ 𝚺) ⋅ 𝑥⃗ − 𝑏 𝑆ℰ (𝒈𝒓𝒂𝒅 𝐆(𝑥⃗) ∶ 𝑪 ⋅ 𝑛) ⋅ 𝑈⃗ , 𝑆ℰ = 𝜋 𝑎 𝑏, 𝑈⃗ =
⟨J𝑢K⟩

𝑏
, (93)

where 𝒈𝒓𝒂𝒅 𝐆 is the gradient of the Green tensor of the actual TraTI medium (Pouya, 2007) and 𝑈⃗ is the a priori
unknown normalized average opening. Because the opening of a planar crack is governed solely by the traction
𝑡⃗ = 𝚺 ⋅ 𝑛, the dipole amplitude is identified from three traction problems (prescribing 𝑢 = (𝑺 ∶ 𝚺(𝑖)) ⋅ 𝑥⃗ on the
boundary, with 𝚺(𝑖) ⋅ 𝑛 = 𝑒𝑖), which yield the columns of an apparent COD tensor 𝐁𝑡, and three dipole problems
(prescribing (93) for 𝑈⃗ = 𝑒𝑚), which yield a dipole-response tensor 𝐁𝑈 , in place of the 2 × 6 elementary problems
required for a general ellipsoidal inhomogeneity. Enforcing self-consistency 𝑈⃗ = 𝐁𝑡 ⋅ 𝑡⃗ + 𝐁𝑈 ⋅ 𝑈⃗ then yields the
infinite-medium COD tensor

𝐁∞ = (𝟏 − 𝐁𝑈 )−1 ⋅ 𝐁𝑡, (94)

directly comparable, term by term, with the closed-form. The six problems share a single matrix factorization,
and 𝐁∞ is found identical for 𝑅 = 5 𝑎, 10 𝑎 and 30 𝑎. The solution corresponding to a given prescribed 𝚺
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(e.g. 𝚺 = Σ33𝑒3 ⊗ 𝑒3) is eventually provided by the addition of both (homogeneous traction and dipole) problems
ensuring the boundary condition (93) together with the consistency rule 𝑈⃗ = 𝐁∞ ⋅ 𝚺 ⋅ 𝑛.

Two independent estimates of 𝐺 are then extracted at each azimuth 𝜃𝑦 of the front. The first is an energy based
domain integral (𝐺-𝜃 method) (Destuynder and Djaoua, 1981; Li et al., 1985; Shih et al., 1986): a virtual crack-
advance field 𝜃 = 𝑞 𝜈0, where 𝜈0 is the in-plane outward normal to the front at 𝜃𝑦 and 𝑞 a hat function supported on
a tube of radii 𝑟1 < 𝑟2 around the front point, gives

𝐺(𝜃𝑦) ∫ℱ
𝑞 (𝜈0 ⋅ 𝜈) d𝑠 = ∫Ω

[𝝈 ∶ (𝐠𝐫𝐚𝐝 𝑢 ⋅ 𝐠𝐫𝐚𝐝 𝜃) − 1
2 (𝝈 ∶ 𝜺) div 𝜃] dΩ, (95)

where ℱ is the crack front, the right-hand side is the domain integral of the Eshelby energy-momentum tensor
contracted with 𝐠𝐫𝐚𝐝 𝜃 (it reduces to the shell 𝑟1 < ‖𝑥⃗ − 𝑥⃗0‖ < 𝑟2 where 𝐠𝐫𝐚𝐝 𝜃 ≠ 0), and the left-hand side
normalizes the local advance, with no contour to choose. The second is a modal estimate 𝐺 = 𝜋 𝑁⃗ ⋅(𝐁ℛ(𝜈, 𝑛))−1 ⋅𝑁⃗
that combines the FE crack opening (𝑁⃗ is estimated by least-square method along a radial leading to the considered
front point) with the closed-form ribbon relation between 𝐾⃗ and 𝑁⃗ established above. As shown in Fig. 4, both
reproduce the closed-form solution to about 3% on average. The residual deviation is not the same for 𝜛 = 3 and
𝜛 = 1/3, even though both share the contrast 𝜛4 = 81: the modal estimate departs most for 𝜛 = 3 (about 5%,
against some 2 to 3% for 𝜛 = 1 and 𝜛 = 1/3), the best agreement being reached for the unstretched case 𝜛 = 1.
This asymmetry shows that the residual discrepancy is controlled by the orientation of the stretched direction
relative to the crack, and not by the contrast magnitude alone.

The stiffness contrast of the transformed material scales as 𝜛4. The strongly stretched transformations (𝜛 = 10 or
𝜛 = 1/10, contrast 104), as considered in Section 4.2, render the matrix nearly inextensible along the stretched
axis and make low order elements lock, underestimating the crack opening regardless of the mesh size. The direct
FE validation is therefore restricted to the moderate contrast 𝜛 ∈ {3, 1, 1/3} (contrast 𝜛4 ≤ 81). However, such
a contrast already has a slightly noticeable effect on numerical FE calculations, as seen in Fig. 4. The severely
contrasted configurations, where a direct FE computation becomes impractical, are precisely those for which
the present closed-form solution is the most valuable; they are the ones explored in 4.2 and are cross-checked
semi-analytically as follows.

For an arbitrary anisotropy, the COD tensors of the actual medium can be obtained, without any transformation,
from the crack compliance computation of Barthélémy (2009) implemented in the Echoes library (Barthélémy,
2026). The average COD tensor 𝐁ℰ of the elliptical crack and the COD tensor 𝐁ℛ(𝜈, 𝑛) of the fictitious tangent
ribbon both follow from the corresponding crack-compliance (Hill) tensors 𝑯ℰ and 𝑯ℛ of the actual medium,
evaluated as the flat-inclusion limits of Barthélémy (2009) (normalized respectively by the major semi-axis and by
the in-plane half-width). As the COD is normalized here by the minor semi-axis 𝑏, and not by 𝑎 as in Barthélémy et
al. (2023), the conversion reads

𝑛
𝑠

⊗𝐁ℰ
𝑠

⊗𝑛 = 4
3𝜂

𝑯ℰ and 𝑛
𝑠

⊗𝐁ℛ
𝑠

⊗𝑛 = 𝜋
2

𝑯ℛ, (96)

the two prefactors involving the area coefficients 𝜒ℰ = 2/3 and 𝜒ℛ = 𝜋/4 of (13). Feeding the resulting 𝐁ℰ and
𝐁ℛ into the local relations of Section 3.3 yields a semi-analytical estimate of 𝐺 valid at any contrast. As reported
in Fig. 4 and Fig. 5, it reproduces the closed-form solution to better than 0.25% at every azimuth and contrast,
including the strongly stretched cases out of reach of the FE computation; the average COD tensor agrees to four
significant digits, for instance 𝐵33 = 2.168 for 𝜃 = 𝜋/4, 𝜙 = 0 and 𝜛 = 3.

4.2 Parametric study of the local energy release rate

Fig. 5 displays both the closed-form energy release rate and the semi-analytical counterpart from Echoes for a high
contrast between moduli: here 𝜛 ∈ {10, 1, 1/10} (contrast 104)
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Fig. 4: Finite element and semi-analytical validation of the normalized local energy release rate at moderate stiffness
contrast (𝜛 ∈ {3, 1, 1/3}, contrast 𝜛4 ≤ 81), ellipse aspect ratio 𝜂 = 1/4 and matrix properties 𝐻 = 2,
𝜈1 = 0.4, 𝜈2 = 0.3, Γ = 3. The closed-form solution (solid) is superimposed with two independent finite
element estimates sharing the same analytical normalization, the modal 𝐺𝐁ℛ = 𝜋𝑁⃗ ⋅ (𝐁ℛ)−1 ⋅ 𝑁⃗ (dashed,
circles) and the domain integral 𝐺-𝜃 (dotted), together with the semi-analytical Echoes evaluation (dash-
dotted, diamonds). The finite element estimates agree with the closed-form to about 3% on average and the
Echoes evaluation to better than 0.25%.
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Fig. 5: Normalized local energy release rate around an elliptical crack (shaded areas in the figure) embedded in a
monoclinic TraTI matrix. The ellipse aspect ratio is 𝜂 = 1/4 and the matrix properties are 𝐻 = 2, 𝜈1 = 0.4,
𝜈2 = 0.3, Γ = 3
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For 𝜛 = 1 and 𝜃 = 0, 𝐏 reduces to the identity, and the crack is embedded in a TI matrix. In that case, it is observed
that the local energy release rate is maximum on the minor axis. Upon propagation, the aspect ratio of the crack
is therefore expected to increase (the crack becomes a circle). This effect was recently observed numerically by
Villani et al. (2023).

The left and right columns correspond to two extreme cases: for 𝜙 = 0, 𝑒𝑟 leans towards the major axis of the
crack, while for 𝜙 = 𝜋/2, it leans towards its minor axis. In both cases, it is observed that the maximum of the local
energy release rate always occurs at the same location: whether the crack tends to circularize of flatten depends
only on the value of 𝜛: for 𝜛 = 0.1 and 𝜛 = 1, the minor axis of the crack increases, while for 𝜛 = 10, the major
axis increases due to very high stiffness along axis 𝑒1.

These strongly contrasted configurations are out of reach of a direct FE computation (Section 4.1), but the semi-
analytical Echoes evaluation, overlaid in Fig. 5, again confirms the closed-form distributions at every contrast.

5 Conclusion

The present paper has derived general analytical expressions for the crack opening displacement (COD) tensor,
displacement intensity factor (DIF) and stress intensity factor (SIF) vectors for elliptical and ribbon-like cracks
embedded in an infinite matrix of arbitrary anisotropy. The framework, based on the integral equation approach of
Kunin (1983) and Kanaun and Levin (2009), provides closed-form relationships between these quantities and the
material properties of the matrix. It has also been extended to the case of a closed frictionless crack, for which the
COD tensor reduces to a simple projection of the open crack COD tensor that removes the normal component.

The method of linear transformation of elastic boundary value problems has then been applied to derive transforma-
tion rules for the COD tensor, DIF and SIF, connecting a problem in an arbitrary matrix to a reference problem –
isotropic or TI – for which analytical solutions are available. In the specific case of a TraTI matrix, which encom-
passes a broad range of anisotropies including orthotropic and monoclinic symmetries, the transformation connects
the original problem to that of a crack aligned with the isotropy plane of a TI matrix, for which closed-form COD
tensors are recalled in the appendices. The resulting analytical procedure, more direct than those of Barthélémy
et al. (2021) and Barthélémy et al. (2023), yields fully closed-form DIF and SIF vectors for both elliptical and
ribbon-like cracks.

The numerical application to an elliptical crack embedded in a monoclinic TraTI matrix illustrates the sensitivity
of the local energy release rate distribution along the crack front to the transformation parameters. In particular,
whether the crack tends to circularize or flatten upon propagation is governed by the in-plane anisotropy of the
transformation. These results open perspectives for the analytical prediction of crack propagation paths in anisotropic
media and for the implementation of homogenization schemes for cracked TraTI materials.

6 Appendices

6.1 On the polar decomposition of a tensor

In the present appendix, it is shown that for any second-order tensor 𝐀 or rank 2, there exists a symmetric, diagonal
and positive, second-order tensor 𝐒 of rank 2 and a rotation tensor 𝐑 such that 𝐀 = 𝐑 ⋅ 𝐒. This classical result is
known as the polar decomposition when 𝐀 is invertible and extended here to tensors of rank 2.
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The kernel of 𝐀 is spanned by the unit-vector 𝑛. The tensor 𝐀⊺ ⋅ 𝐀 is symmetric and positive: it can therefore be
diagonalized in an orthonormal basis. Since 𝑛 belongs to the kernel of 𝐀⊺ ⋅ 𝐀, it is an eigenvector of 𝐀⊺ ⋅ 𝐀. Then,
two other unit eigenvectors, namely 𝑙 and 𝑚⃗, can be found, such that 𝑛 = 𝑙 ∧ 𝑚⃗ and

𝐀⊺ ⋅ 𝐀 = 𝑎2 𝑙 ⊗ 𝑙 + 𝑏2 𝑚⃗ ⊗ 𝑚⃗, (97)

where 𝑎2 and 𝑏2 are the associated non-null eigenvalues (note that these eigenvalues are positive since 𝐀⊺ ⋅ 𝐀 is a
positive tensor). With no loss of generality, it can be assumed that 𝑎, 𝑏 ⩾ 0. Recalling that 𝐀 ⋅ 𝑙 ≠ 0⃗ and 𝐀 ⋅ 𝑚⃗ ≠ 0⃗
by construction (since Ker𝐀 = Span 𝑛), the following unit vectors are then defined

𝑈⃗ = 𝐀 ⋅ 𝑙
‖𝐀 ⋅ 𝑙‖

and 𝑉 = 𝐀 ⋅ 𝑚⃗
‖𝐀 ⋅ 𝑚⃗‖

, (‖𝑈⃗‖ = ‖𝑉 ‖ = 1)

Note that 𝑈⃗ and 𝑉 are orthogonal vectors, since from (97)

𝑈⃗ ⋅ 𝑉 = (𝐀 ⋅ 𝑙)
‖𝐀 ⋅ 𝑙‖

⋅ (𝐀 ⋅ 𝑚⃗)
‖𝐀 ⋅ 𝑚⃗‖

= 𝑙 ⋅ (𝐀⊺ ⋅ 𝐀) ⋅ 𝑚⃗
‖𝐀 ⋅ 𝑙‖‖𝐀 ⋅ 𝑚⃗‖

= 0

and, the three vectors 𝑈⃗ , 𝑉 and 𝑊⃗ = 𝑈⃗ ∧ 𝑉 , in that order, form a right-handed orthonormal frame. Since 𝐀 ⋅ 𝑛 = 0⃗,
the following expression holds

𝐀 = (𝐀 ⋅ 𝑙) ⊗ 𝑙 + (𝐀 ⋅ 𝑚⃗) ⊗ 𝑚⃗ + (𝐀 ⋅ 𝑛) ⊗ 𝑛 = ‖𝐀 ⋅ 𝑙‖𝑈⃗ ⊗ 𝑙 + ‖𝐀 ⋅ 𝑚⃗‖𝑉 ⊗ 𝑚⃗

Comparison with (97) necessarily delivers

𝑎2 = ‖𝐀 ⋅ 𝑙‖2 and 𝑏2 = ‖𝐀 ⋅ 𝑚⃗‖2 therefore 𝑎 = ‖𝐀 ⋅ 𝑙‖ and 𝑏 = ‖𝐀 ⋅ 𝑚⃗‖

and it has been shown that 𝐀 writes by means of two orthonormal vectors 𝑈⃗ and 𝑉 spanning the image of 𝐀
(Im𝐀 = Span (𝑈⃗ , 𝑉 )) such that

𝐀 = 𝑎 𝑈⃗ ⊗ 𝑙 + 𝑏 𝑉 ⊗ 𝑚⃗ (98)

The orthogonal to Im𝐀 is then a line spanned by the unit vector 𝑊⃗ and

𝐀 = 𝐑 ⋅ 𝐒 with
{

𝐑 = 𝑈⃗ ⊗ 𝑙 + 𝑉 ⊗ 𝑚⃗ + 𝑊⃗ ⊗ 𝑛

𝐒 = 𝑎 𝑙 ⊗ 𝑙 + 𝑏 𝑚⃗ ⊗ 𝑚⃗
(99)

where 𝐑 is a rotation tensor since it maps the right-handed orthonormal frame (𝑙, 𝑚⃗, 𝑛) onto the right-handed
orthonormal frame (𝑈⃗ , 𝑉 , 𝑊⃗ ). Note that the Moore-Penrose inverse of 𝐒 and 𝐀 are simply

𝐒† = 𝑙 ⊗ 𝑙
𝑎

+ 𝑚⃗ ⊗ 𝑚⃗
𝑏

and 𝐀† = 𝐒† ⋅ 𝐑⊺ = 𝑙 ⊗ 𝑈⃗
𝑎

+ 𝑚⃗ ⊗ 𝑉
𝑏

(100)

As explained in Section 2.1, the case of rank-one tensors should be addressed with care since now 𝐀 does not
contain anymore all required information for geometrical characterization of the crack since 𝑛 and the direction of
invariance 𝑙 both belong to its kernel. It is actually necessary to consider that a ribbon is a degenerated ellipse for
which 𝑎 → +∞ and explicitly provide the information about the direction of 𝑙 or 𝑛 in addition to 𝐀.
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6.2 Useful results of Fourier transforms

Let 𝜙 be a tensor function defined on ℝ𝑑 (𝑑 = 1, 2, 3). Its Fourier transform and its reciprocal are defined by

̂𝜙(𝜉) = ∫⃗𝑥∈ℝ𝑑
e−𝑖 𝜉⋅𝑥⃗ 𝜙(𝑥⃗) dΩ𝑥 ; 𝜙(𝑥⃗) = 1

(2𝜋)𝑑 ∫⃗𝜉∈ℝ𝑑
e𝑖 𝜉⋅𝑥⃗ ̂𝜙(𝜉) dΩ𝜉 (101)

where 𝜉 ⋅ 𝑥⃗ denotes the usual inner product of ℝ𝑑 .

The Dirac distribution of ℝ𝑑 is classically defined as an operator acting as ((Gel’fand and Shilov, 1964), (Schwartz,
1966))

∫⃗𝑥∈ℝ𝑑
δ (𝑥⃗)𝜙(𝑥⃗) dΩ𝑥 = 𝜙(0⃗ℝ𝑑 ) (102)

and satisfies δ (𝐏 ⋅ 𝑥⃗) = δ (𝑥⃗)/|det𝐏| for any invertible second-order tensor 𝐏 (in particular δ (𝜆𝑥⃗) = δ (𝑥⃗)/|𝜆|𝑑 for
any 𝜆 ≠ 0) as well as

δ̂(𝜉) = ∫⃗𝑥∈ℝ𝑑
e−𝑖 𝜉⋅𝑥⃗ δ (𝑥⃗) dΩ𝑥 = 1 ; δ (𝑥⃗) = 1

(2𝜋)𝑑 ∫⃗𝜉∈ℝ𝑑
e𝑖 𝜉⋅𝑥⃗ dΩ𝜉 (103)

Note that the last integral of (103) must actually be considered in the sense of distributions. In addition the same
notation δ is adopted for all Dirac distributions whatever the dimension 𝑑 since the information of the space is
given by the nature of the variable. The Dirac distribution of ℝ𝑑 can be seen as a product of Dirac distributions
over each component δ (𝑥⃗) = δ (𝑥1) ⋯ δ (𝑥𝑑). Besides, the Heaviside function H4, which satisfies H′ = δ in the
sense of distributions, can also be expressed by integration of the right term of (103) with 𝑑 = 1 recalling that
∫+∞

𝑡=0
sin(𝑡)

𝑡 d𝑡 = 𝜋
2

Ĥ(𝜉) = 𝜋 δ (𝜉) − 𝑖
𝜉

; H(𝑥) = 1
2𝜋 ∫⃗𝑥∈ℝ

e𝑖 𝜉 𝑥

𝑖 𝜉
d𝜉 + 1

2
= 1

2𝜋 ∫⃗𝑥∈ℝ

sin (𝜉 𝑥)
𝜉

d𝜉 + 1
2

(104)

It is also useful to introduce the notion of dimension reduction of a Fourier transform along a line directed by a unit
vector 𝑛 i.e. Span (𝑛). The Fourier transform of 𝜙 on 𝑛⟂ is defined by means of its Fourier transform on all ℝ𝑑 by

̂𝜙⋆(𝜉⋆) = 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
̂𝜙(𝜉⋆ + 𝜉𝑛 𝑛) d𝜉𝑛 (105)

The function ̂𝜙⋆(𝜉⋆) can indeed be interpreted as the Fourier transform of the restriction of 𝜙 to 𝑛⟂. Indeed,
invoking the reciprocal Fourier transform in (101) restricted to 𝑛⟂ and assuming that Fubini theorem applies to
decompose the integration over ℝ𝑑 as an integration over the line Span 𝑛 and over 𝑛⟂ of dimension 𝑑 − 1, it comes
that

𝜙(𝑥⃗⋆) = 1
(2𝜋)𝑑 ∫⃗𝜉∈ℝ𝑑

e𝑖 𝜉⋆⋅𝑥⃗⋆ ̂𝜙(𝜉⋆ + 𝜉𝑛 𝑛) dΩ𝜉

= 1
(2𝜋)𝑑−1 ∫⃗𝜉⋆∈𝑛⟂

e𝑖 𝜉⋆⋅𝑥⃗⋆

(
1

2𝜋 ∫
+∞

𝜉𝑛=−∞
̂𝜙(𝜉⋆ + 𝜉𝑛 𝑛) d𝜉𝑛)

dΩ𝜉⋆

= 1
(2𝜋)𝑑−1 ∫⃗𝜉⋆∈𝑛⟂

e𝑖 𝜉⋆⋅𝑥⃗⋆ ̂𝜙⋆(𝜉⋆) dΩ𝜉⋆

(106)

The function ̂𝜙⋆ has the following properties

4H(𝑥) = 1 if 𝑥 ⩾ 0 and H(𝑥) = 0 if 𝑥 < 0
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• ̂𝜙⋆ can be seen as a function over all ℝ𝑑 but it is insensitive to any component along 𝑛 of its variable by
simple change of variable of integration 𝜉𝑛 → 𝜉𝑛 + 𝜆 in (105)

∀𝜆 ∈ ℝ, ̂𝜙⋆(𝜉⋆ + 𝜆 𝑛) = ̂𝜙⋆(𝜉⋆) (107)

• if ̂𝜙 is positively homogeneous of degree 𝜔 then ̂𝜙⋆ is positively homogeneous of degree 𝜔 + 1 which is also
proven by a change of variable of integration in (105)

∀𝜆 ∈ ℝ ⧵ {0}, ̂𝜙⋆(𝜆 𝜉⋆) = 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
̂𝜙(𝜆 𝜉⋆ + 𝜉𝑛 𝑛) d𝜉𝑛

= |𝜆|𝜔 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
̂𝜙 (𝜉⋆ +

𝜉𝑛
𝜆

𝑛) d𝜉𝑛

= |𝜆|𝜔+1 1
2𝜋 ∫

+∞

𝜉𝑛=−∞
̂𝜙 (𝜉⋆ + 𝜉𝑛 𝑛) d𝜉𝑛

= |𝜆|𝜔+1 ̂𝜙⋆(𝜉⋆)

(108)

In particular, if ̂𝜙 is insensitive to the norm of its variable (𝜔 = 0) then ̂𝜙⋆ is positively homogeneous of
degree 1.

Besides the following results are recalled since they are needed in the paper

∀𝜉 ∈ ℝ2, ∫⃗𝑥∈ℝ2,‖𝑥⃗‖⩽1
e−𝑖 𝜉⋅𝑥⃗ √1 − ‖𝑥⃗‖2 d𝑆𝑥⃗ = 2𝜋

𝑗1(‖𝜉‖)

‖𝜉‖
with 𝑗1(𝜉) =

sin 𝜉 − 𝜉 cos 𝜉
𝜉2 (109)

∀𝑥 ∈ ℝ, 1
2𝜋 ∫

+∞

𝜉=−∞
e𝑖 𝜉 𝑥 𝜉 𝑗1(𝜉) d𝜉 = 1

2 (H(𝑥 + 1) − H(𝑥 − 1) − δ(𝑥 + 1) − δ(𝑥 − 1)) (110)

where 𝑗1 is the spherical Bessel function of the first kind and first order (Abramowitz and Stegun, 1972).

The proof of (109) relies on an integration in cartesian coordinates 𝑥⃗ ≡ (𝑥, 𝑦) such that 𝜉 is oriented along the
direction of the first coordinate 𝑥. The notation 𝜉 = ‖𝜉‖ is introduced for convenience. By symmetry it comes
that

∫⃗𝑥∈ℝ2,‖𝑥⃗‖⩽1
e−𝑖 𝜉⋅𝑥⃗ √1 − ‖𝑥⃗‖2 d𝑆𝑥⃗ = 4 ∫

1

𝑥=0 ∫

√1−𝑥2

𝑦=0
cos (𝜉𝑥)√1 − 𝑥2 − 𝑦2 d𝑦 d𝑥 (111)

Adopting the change of variable 𝑦 = 𝑠√1 − 𝑥2 and noting that ∫1
𝑠=0 √1 − 𝑠2d𝑠 = 𝜋

4 , (111) becomes

∫⃗𝑥∈ℝ2,‖𝑥⃗‖⩽1
e−𝑖 𝜉⋅𝑥⃗ √1 − ‖𝑥⃗‖2 d𝑆𝑥⃗ = 4 ∫

1

𝑥=0 ∫
1

𝑠=0
cos (𝜉𝑥)(1 − 𝑥2)√1 − 𝑠2 d𝑠 d𝑥

= 𝜋 ∫
1

𝑥=0
cos (𝜉𝑥)(1 − 𝑥2) d𝑥

(112)

The end of the proof is simply obtained by integrating twice by parts.

The proof of (110) simply consists in identifying inverse Fourier transforms of Dirac (103) and Heaviside (104)
in

1
2𝜋 ∫

+∞

𝜉=−∞
e𝑖 𝜉 𝑥 𝜉 𝑗1(𝜉) d𝜉 = 1

2𝜋 ∫
+∞

𝜉=−∞
e𝑖 𝜉 𝑥 sin 𝜉 − 𝜉 cos 𝜉

𝜉
d𝜉

= 1
2𝜋 ∫

+∞

𝜉=−∞

1
2 (

e𝑖 𝜉 (𝑥+1) − e𝑖 𝜉 (𝑥−1)

𝑖 𝜉
− e𝑖 𝜉 (𝑥+1) − e𝑖 𝜉 (𝑥−1)

) d𝜉
(113)
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6.3 COD tensors

The present Appendix gathers analytical expressions of the COD tensor of an elliptical crack in an isotropic matrix
or a transversely isotropic matrix of isotropy plane aligned with the crack. The following expressions are rewritten
from those proposed in the literature by using the quantities 𝒞𝜂 and 𝒮𝜂 introduced in 116 in order to make the
limits for circular or ribbon shapes more straightforward. Note that the COD tensors reported in this section are
consistent with the definition (14) based on the normalization of the average COD by the second radius 𝑏 for easier
correspondence between elliptical and ribbon-like cracks.

6.3.1 COD tensors in an isotropic matrix

For details about the derivations of formulas, see Kachanov (1992), Sevostianov and Kachanov (2002), Kachanov
and Sevostianov (2018) or Barthélémy et al. (2021) (it is worth recalling however that the length normalization
of the COD tensor has been changed between this last reference and the present paper). Young’s modulus and
Poisson’s ratio of the matrix are respectively denoted by 𝐸 and 𝜈.

• Elliptical crack

𝐁ℰ,ISO(𝜂) = 8 (1 − 𝜈2)
3 𝐸 (

𝑙 ⊗ 𝑙
(1 − 𝜈) 𝒞𝜂 + 𝜂2 𝒮𝜂

+ 𝑚⃗ ⊗ 𝑚⃗
(1 − 𝜈) 𝜂2 𝒮𝜂 + 𝒞𝜂

+ 𝑛 ⊗ 𝑛
ℰ𝜂 )

(114)

where 𝒞𝜂 and 𝒮𝜂 are built by means of the complete elliptical integrals of first 𝒦𝜂 and second ℰ𝜂 kind
(Abramowitz and Stegun, 1972)

𝒦𝜂 = ∫

𝜋
2

𝜙=0

d𝜙

√cos2 𝜙 + 𝜂2 sin2 𝜙
; ℰ𝜂 = ∫

𝜋
2

𝜙=0
√cos2 𝜙 + 𝜂2 sin2 𝜙 d𝜙 (115)

as

𝒞𝜂 =
ℰ𝜂 − 𝜂2 𝒦𝜂

1 − 𝜂2 = ∫

𝜋
2

𝜙=0

cos2 𝜙 d𝜙

√cos2 𝜙 + 𝜂2 sin2 𝜙
; 𝒮𝜂 =

𝒦𝜂 − ℰ𝜂

1 − 𝜂2 = ∫

𝜋
2

𝜙=0

sin2 𝜙 d𝜙

√cos2 𝜙 + 𝜂2 sin2 𝜙
(116)

Note the useful limits for circular and ribbon cases

lim
𝜂→1

𝒦𝜂 = lim
𝜂→1

ℰ𝜂 = 𝜋
2
; lim

𝜂→1
𝒞𝜂 = lim

𝜂→1
𝒮𝜂 = 𝜋

4
(𝑎)

lim
𝜂→0

ℰ𝜂 = 1 ; lim
𝜂→0

𝒞𝜂 = 1 ; lim
𝜂→0

𝜂2 𝒮𝜂 = 0 (𝑏) (117)

• Circular crack

𝐁ℰ,ISO(𝜂 = 1) = 16 (1 − 𝜈2)
3𝜋 𝐸 (

2 (𝑙 ⊗ 𝑙 + 𝑚⃗ ⊗ 𝑚⃗)
2 − 𝜈

+ 𝑛 ⊗ 𝑛
)

(118)

• Ribbon-like crack

𝐁ℛ,ISO = 3𝜋
8

lim
𝜂→0

𝐁ℰ,ISO(𝜂) = 𝜋 (1 − 𝜈2)
𝐸 (

𝑙 ⊗ 𝑙
1 − 𝜈

+ 𝑚⃗ ⊗ 𝑚⃗ + 𝑛 ⊗ 𝑛) (119)
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6.3.2 COD tensors in a transversely isotropic matrix of isotropy plane aligned with the crack

In this paragraph, the matrix obeys a TI behavior of axis 𝑒3 (for convenience of writing the components 𝐶𝑖𝑗𝑘𝑙 in
the following expressions) and the unit normal to the crack is assumed to be oriented along the same axis 𝑛 = 𝑒3,
which means that 𝑙 and 𝑚⃗ form a rotated orthonormal basis of the plane spanned by 𝑒1 and 𝑒2. The elliptical or
ribbon-like shape of the crack and the orientation of 𝑪 are then such that the COD tensor is expected of the form

𝐁 = 𝐵𝑙𝑙 𝑙 ⊗ 𝑙 + 𝐵𝑚𝑚 𝑚⃗ ⊗ 𝑚⃗ + 𝐵𝑛𝑛 𝑛 ⊗ 𝑛 (120)

• Elliptical crack

The following expressions result from the derivation proposed in Barthélémy et al. (2023) but other expressions
(consistent but written under other forms) can be found in Hoenig (1978) and Kanaun and Levin (2009).

𝐵ℰ,TI
𝑙𝑙 (𝜂) = 1

3 (𝑅2323 𝒞𝜂 + 𝑅3131 𝜂2 𝒮𝜂) 𝐶2
2323

(𝑎)

𝐵ℰ,TI
𝑚𝑚 (𝜂) = 1

3 (𝑅2323 𝜂2 𝒮𝜂 + 𝑅3131 𝒞𝜂) 𝐶2
2323

(𝑏)

𝐵ℰ,TI
𝑛𝑛 (𝜂) = 4

3 (𝑅1111 𝐶2
1133 + 2 𝑅1133 𝐶1133 𝐶3333 + 𝑅3333 𝐶2

3333) ℰ𝜂

(𝑐)

(121)

with

𝑅1111 = − 1
𝜎𝛾 (

1
𝐶2323

+ 1
√𝐶1111 𝐶3333 )

(𝑎)

𝑅1133 = 1
𝜎𝛾

𝐶1133 + 𝐶2323
𝐶2323 𝐶3333

(𝑏)

𝑅3333 = 1
𝜎𝛾 (√

𝐶1111
𝐶3333

−
𝐶1133 (𝐶1133 + 2 𝐶2323)

𝐶2323 𝐶3333 )
1

𝐶3333
(𝑐)

𝑅2323 = 1
4√2 √

𝐶1111 − 𝐶1122

𝐶3
2323

(𝑑)

𝑅3131 = 1
4 𝜎𝛾

𝐶1111 𝐶3333 − 𝐶2
1133

𝐶2
2323 𝐶3333

(𝑒)

(122)

and

𝜎𝛾 =
√√√

⎷

𝐶1111 𝐶3333 − 𝐶2
1133 − 2 𝐶1133 𝐶2323

𝐶2323 𝐶3333
+ 2

√
𝐶1111
𝐶3333

(123)

Note that the components 𝑅𝑖𝑗𝑘𝑙, finding their origin in the solution derived in Barthélémy et al. (2023),
depend only on the matrix moduli but do not satisfy TI symmetry, in particular 𝑅2323 ≠ 𝑅3131.

• Circular crack
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𝐵ℰ,TI
𝑙𝑙 (𝜂 = 1) = 4

3𝜋 (𝑅2323 + 𝑅3131) 𝐶2
2323

(𝑎)

𝐵ℰ,TI
𝑚𝑚 (𝜂 = 1) = 4

3𝜋 (𝑅2323 + 𝑅3131) 𝐶2
2323

(𝑏)

𝐵ℰ,TI
𝑛𝑛 (𝜂 = 1) = 8

3𝜋 (𝑅1111 𝐶2
1133 + 2 𝑅1133 𝐶1133 𝐶3333 + 𝑅3333 𝐶2

3333)
(𝑐)

(124)

• Ribbon-like crack

𝐵ℛ,TI
𝑙𝑙 = 𝜋

8 𝑅2323 𝐶2
2323

(𝑎)

𝐵ℛ,TI
𝑚𝑚 = 𝜋

8 𝑅3131 𝐶2
2323

(𝑏)

𝐵ℛ,TI
𝑛𝑛 = 𝜋

2 (𝑅1111 𝐶2
1133 + 2 𝑅1133 𝐶1133 𝐶3333 + 𝑅3333 𝐶2

3333)
(𝑐)

(125)

Alternatively the TI matrix can be written in terms of engineering parameters defined on components of the
compliance tensor 𝑺 = 𝑪−1. By consistency with Hoenig (1978), these parameters are chosen as 𝐸, 𝜈1, 𝜈2, 𝐻 and
Γ such that

𝐸 = 1
𝑆1111

; 𝜈1 = −𝑆1122 𝐸 ; 𝜈2 = −𝑆1133 𝐸 ; 𝐻 = 1
𝑆3333 𝐸

; Γ = 1
𝑆2323

1 + 𝜈1
2 𝐸

(126)

with a Kelvin-Mandel representation of the form

Mat(𝑺) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
𝐸

−𝜈1
𝐸

−𝜈2
𝐸 0 0 0

−𝜈1
𝐸

1
𝐸

−𝜈2
𝐸 0 0 0

−𝜈2
𝐸

−𝜈2
𝐸

1
𝐸𝐻 0 0 0

0 0 0 1+𝜈1
𝐸Γ 0 0

0 0 0 0 1+𝜈1
𝐸Γ 0

0 0 0 0 0 1+𝜈1
𝐸

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(127)

Setting 𝐴 = 1 − 𝜈1 − 2 𝐻 𝜈2
2 , it follows that the TI components 𝐶𝑖𝑗𝑘𝑙 write

𝐶1111 =
𝐸 (1 − 𝐻 𝜈2

2)
𝐴 (1 + 𝜈1)

; 𝐶1122 =
𝐸 (𝜈1 + 𝐻 𝜈2

2)
𝐴 (1 + 𝜈1)

𝐶1133 =
𝐸 𝐻 𝜈2

𝐴
; 𝐶3333 =

𝐸 𝐻 (1 − 𝜈1)
𝐴

; 𝐶2323 = 𝐸 Γ
2 (1 + 𝜈1)

(128)

𝜎𝛾 (123) becomes

𝜎𝛾 = √2

√√√

⎷

1 − Γ 𝜈2
Γ (1 − 𝜈1)

+
√√√

⎷

1 − 𝐻 𝜈2
2

𝐻 (1 − 𝜈2
1)

(129)
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and the components 𝑅𝑖𝑗𝑘𝑙 (122) write

𝑅1111 = − 𝐴
𝐸 𝜎𝛾 𝐻 (1 − 𝜈1)

⎛
⎜
⎜
⎝

√√√

⎷

𝐻 (1 − 𝜈2
1)

1 − 𝐻 𝜈2
2

+
2 𝐻 (1 − 𝜈2

1)
𝐴 Γ

⎞
⎟
⎟
⎠

(𝑎)

𝑅1133 = 𝐴
𝐸 𝜎𝛾 𝐻 (1 − 𝜈1) (1 +

2 𝐻 𝜈2 (1 + 𝜈1)
𝐴 Γ ) (𝑏)

𝑅3333 = 𝐴
𝐸 𝜎𝛾 𝐻 (1 − 𝜈1)

⎛
⎜
⎜
⎝

√√√

⎷

1 − 𝐻 𝜈2
2

𝐻 (1 − 𝜈2
1)

−
2 𝜈2

1 − 𝜈1 (1 +
𝐻 𝜈2 (1 + 𝜈1)

𝐴 Γ )
⎞
⎟
⎟
⎠

(𝑐)

𝑅2323 =
1 + 𝜈1

2 𝐸 Γ
3
2

(𝑑)

𝑅3131 =
1 + 𝜈1

𝐸 𝜎𝛾 Γ2 (1 − 𝜈1)
(𝑒)

(130)

Inserting (128), (129) and (130) in (121), (124) and (125), the COD tensors can now be rewritten in terms of
engineering parameters.

• Elliptical crack

𝐁ℰ,TI(𝜂) =
4 𝜎𝛾 (1 − 𝜈2

1)
3 𝐸

⎛
⎜
⎜
⎝

𝑙 ⊗ 𝑙
𝜎𝛾
2

√Γ (1 − 𝜈1) 𝒞𝜂 + 𝜂2 𝒮𝜂

+ 𝑚⃗ ⊗ 𝑚⃗
𝜎𝛾
2

√Γ (1 − 𝜈1) 𝜂2 𝒮𝜂 + 𝒞𝜂

+
√√√

⎷

1 − 𝐻 𝜈2
2

𝐻 (1 − 𝜈2
1)

𝑛 ⊗ 𝑛
ℰ𝜂

⎞
⎟
⎟
⎠

(131)

• Circular crack

𝐁ℰ,TI(𝜂 = 1) =
8 𝜎𝛾 (1 − 𝜈2

1)
3𝜋 𝐸

⎛
⎜
⎜
⎝

2 𝑙 ⊗ 𝑙
𝜎𝛾
2

√Γ (1 − 𝜈1) + 1
+ 2 𝑚⃗ ⊗ 𝑚⃗

𝜎𝛾
2

√Γ (1 − 𝜈1) + 1
+

√√√

⎷

1 − 𝐻 𝜈2
2

𝐻 (1 − 𝜈2
1)

𝑛 ⊗ 𝑛
⎞
⎟
⎟
⎠

(132)

• Ribbon-like crack

𝐁ℛ,TI = 3𝜋
8

lim
𝜂→0

𝐁ℰ,TI(𝜂) =
𝜋 (1 − 𝜈2

1)
𝐸

⎛
⎜
⎜
⎝

𝑙 ⊗ 𝑙
√Γ (1 − 𝜈1)

+
𝜎𝛾 𝑚⃗ ⊗ 𝑚⃗

2
+

√√√

⎷

1 − 𝐻 𝜈2
2

𝐻 (1 − 𝜈2
1)

𝜎𝛾 𝑛 ⊗ 𝑛
2

⎞
⎟
⎟
⎠

(133)

Note that the formulas for the isotropic case can be retrieved from those of the TI one by setting 𝜈1 = 𝜈2 = 𝜈,
𝐻 = Γ = 1, 𝜎𝛾 = 2 and 𝐴 = (1 + 𝜈)(1 − 2𝜈).

6.4 Alternative expressions of the SIF and DIF vectors

Adopting the polar angle 𝜃𝑦 of 𝑦⋆
0 or alternatively the polar angle 𝜃𝑥 of 𝑥⃗⋆

0 (see Fig. 3), the following parametrizations
are obtained

𝑦⋆
0 = cos 𝜃𝑦 𝑙 + sin 𝜃𝑦 𝑚⃗ ; 𝑥⃗⋆

0 = 𝑎 cos 𝜃𝑦 𝑙 + 𝑏 sin 𝜃𝑦 𝑚⃗ =
cos 𝜃𝑥 𝑙 + sin 𝜃𝑥 𝑚⃗

√
cos2 𝜃𝑥

𝑎2 + sin2 𝜃𝑥
𝑏2

(134)
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The normal 𝜈 at 𝑥⃗⋆
0 directed from the crack to the matrix and the tangential unit vector 𝜏 such that (𝜈, 𝜏, 𝑛) form a

right-handed orthonormal basis (see Fig. 3) are given by

𝜈 =
𝐒† ⋅ 𝑦⋆

0

‖𝐒† ⋅ 𝑦⋆
0 ‖

=
cos 𝜃𝑦

𝑎 𝑙 + sin 𝜃𝑦
𝑏 𝑚⃗

√
cos2 𝜃𝑦

𝑎2 + sin2 𝜃𝑦
𝑏2

= cos 𝜃𝜈 𝑙 + sin 𝜃𝜈 𝑚⃗ (𝑎)

𝜏 =
− sin 𝜃𝑦

𝑏 𝑙 + cos 𝜃𝑦
𝑎 𝑚⃗

√
cos2 𝜃𝑦

𝑎2 + sin2 𝜃𝑦
𝑏2

= − sin 𝜃𝜈 𝑙 + cos 𝜃𝜈 𝑚⃗ (𝑏)

(135)

Several equivalent expressions of the dimensionless quantity 𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ can be established

𝑏 ‖𝐒† ⋅ 𝑦⋆
0 ‖ = √𝜂2 cos2 𝜃𝑦 + sin2 𝜃𝑦 = √

𝜂4 cos2 𝜃𝑥 + sin2 𝜃𝑥

𝜂2 cos2 𝜃𝑥 + sin2 𝜃𝑥
=

𝜂

√cos2 𝜃𝜈 + 𝜂2 sin2 𝜃𝜈

(136)

Upon combination of equations (43), (47) and (136), the following equivalent expressions of 𝑁⃗ and 𝐾⃗ are found

𝑁⃗ = 1
4 √

𝜋
𝑏

4

√𝜂2 cos2 𝜃𝑦 + sin2 𝜃𝑦 𝛽 = 1
4 √

𝜋
𝑏

4

√
𝜂4 cos2 𝜃𝑥 + sin2 𝜃𝑥

𝜂2 cos2 𝜃𝑥 + sin2 𝜃𝑥
𝛽

and

𝐾⃗ = √
𝜋
𝑏

4

√𝜂2 cos2 𝜃𝑦 + sin2 𝜃𝑦 𝐐̂⋆
𝑛𝑛(𝜈) ⋅ 𝛽 = √

𝜋
𝑏

4

√
𝜂4 cos2 𝜃𝑥 + sin2 𝜃𝑥

𝜂2 cos2 𝜃𝑥 + sin2 𝜃𝑥
𝐐̂⋆

𝑛𝑛(𝜈) ⋅ 𝛽

6.5 Supplementary results for the transformation of a crack

6.5.1 Identification of the transformed ellipse

This appendix gathers the detailed derivations of the geometrical features of the transformed crack for which results
are reported in Section 3.1. As obviously seen from (71), 𝐀 and 𝐀♯ share the same image so that the parametrization
of ℐ ♯ is consistently deduced from (7) by

ℐ ♯ = {𝑥⃗♯ = 𝐏−1 ⋅ 𝐀⊺ ⋅ 𝑦 = 𝐀♯⊺ ⋅ 𝑦, 𝑦 ∈ (Ker𝐀⊺)
⟂ = Im𝐀 = Im𝐀♯ = 𝑊⃗ ⟂, ‖𝑦‖ ⩽ 1} (137)

As 𝐏 is invertible, the ranks of 𝐀 and 𝐀♯ are equal so that these tensors define cracks of similar (both either elliptical
or ribbon-like) nature. Moreover, as seen in Section 2.1, the normal of an elliptical crack (rank-two 𝐀) is defined as
the unit vector (up to a multiplication by −1) spanning the kernel of the characteristic tensor (Ker𝐀 = Span (𝑛)).
It follows then from (71) that the normal 𝑛♯ associated to 𝐀♯, i.e. the direction of Ker𝐀♯, is necessarily oriented
along 𝐏⊺ ⋅ 𝑛, which yields (72). Note that, since 𝐏⊺ ⋅ (𝐀⊺ ⋅ 𝐀)† ⋅ 𝐏 ≠ (𝐏−1 ⋅ 𝐀⊺ ⋅ 𝐀 ⋅ 𝐏−⊺)† in general for arbitrary
non-singular 𝐏 and rank-two 𝐀, it would have been wrong to abruptly introduce (68) in the quadratic form of (1) to
deduce 𝐀♯. Indeed these quadratic forms coincide only if they apply on vectors 𝑥⃗♯ such that 𝑥⃗♯ ⋅ 𝑛♯ = 0. That is why
a reasoning based on the parametrization (7) may be clearer. However, the quadratic definition (1) of the crack in
problem 𝒫 can eventually be transposed here to the crack of problem 𝒫 ♯

𝑥⃗♯ ∈ ℐ ♯ ⟺ 𝑥⃗♯ ⋅ 𝑛♯ = 0 and 𝑥⃗♯ ⋅ (𝐀♯⊺ ⋅ 𝐀♯)† ⋅ 𝑥⃗♯ ⩽ 1 (138)
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The features of the transformed crack in terms of radii and orientation are derived from the diagonalization of
𝐀♯⊺ ⋅ 𝐀♯ appearing in this quadratic form. Introducing the conjugate semi-diameters 𝑔 = 𝐏−1 ⋅ 𝑙 and ℎ⃗ = 𝐏−1 ⋅ 𝑚⃗
defined in (75), it must be noted that the eigenvectors of 𝐀⊺ ⋅ 𝐀 are in general not transported to those of 𝐀♯⊺ ⋅ 𝐀♯

since 𝑔 is in general not orthogonal to ℎ⃗. The identification of the ellipse defined by 𝐀♯, namely the axes 𝑙♯ and 𝑚⃗♯,
and the radii 𝑎♯ and 𝑏♯ (𝑎♯ ⩾ 𝑏♯), requires then to perform the diagonalization

𝐀♯⊺ ⋅ 𝐀♯ = 𝑎2 𝑔 ⊗ 𝑔 + 𝑏2 ℎ⃗ ⊗ ℎ⃗ = 𝑎♯2 𝑙♯ ⊗ 𝑙♯ + 𝑏♯2 𝑚⃗♯ ⊗ 𝑚⃗♯ (139)

After the previously identified expression of 𝑛♯ in (72), closed-form expressions of 𝑎♯, 𝑏♯, 𝑙♯ and 𝑚⃗♯ can fully be
derived here.

In order to specify the relationships between initial and transformed radii, a first equation is obtained by taking the
trace of (139)

𝑎♯2 + 𝑏♯2 = 𝑎2 ‖𝑔‖2 + 𝑏2 ‖ℎ⃗‖2 (140)

Another equation is obtained from the formula of surface vector transformation

𝑎♯ 𝑏♯ 𝑛♯ = ±𝑎 𝑏 𝑔 ∧ ℎ⃗ = 𝑎 𝑏 𝐏⊺ ⋅ 𝑛
|det𝐏|

(141)

since the cofactor (Nanson) identity gives

𝑔 ∧ ℎ⃗ = (𝐏−1 ⋅ 𝑙) ∧ (𝐏−1 ⋅ 𝑚⃗) = 𝐏⊺ ⋅ (𝑙 ∧ 𝑚⃗)
det𝐏

= 𝐏⊺ ⋅ 𝑛
det𝐏

(142)

Note that the ± sign and the absolute value sign affecting det𝐏 in (141) just aim at choosing the orientation between
the normal and its opposite without any consequence on the results of the paper. It is interesting to note that (141)
is then consistent with (72). Eventually the second relationship involving 𝑎♯ and 𝑏♯ is given by taking the norm of
(141)

𝑎♯ 𝑏♯ = 𝑎 𝑏 ‖𝑔 ∧ ℎ⃗‖ = 𝑎 𝑏
‖𝐏⊺ ⋅ 𝑛‖
|det𝐏|

(143)

Recalling that 𝑏♯ ⩽ 𝑎♯ by convention, (140) and (143) can be exploited in the expressions

𝑎♯ =
√𝑎♯2 + 𝑏♯2 + 2 𝑎♯ 𝑏♯ + √𝑎♯2 + 𝑏♯2 − 2 𝑎♯ 𝑏♯

2
and 𝑏♯ =

√𝑎♯2 + 𝑏♯2 + 2 𝑎♯ 𝑏♯ − √𝑎♯2 + 𝑏♯2 − 2 𝑎♯ 𝑏♯

2

which deliver the closed-form radii 𝑎♯ and 𝑏♯ reported in Section 3.1 in (73) and (74).

Owing to the symmetrical roles played by 𝒫 and 𝒫 ♯, equations (73) and (74) can readily be inverted if necessary.

Introducing the conjugate semi-diameters of the inverse mapping 𝑔♯ = 𝐏 ⋅ 𝑙♯ and ℎ⃗♯ = 𝐏 ⋅ 𝑚⃗♯ (symmetric to (75)
under 𝐏 ↔ 𝐏−1 and 𝑙 ↔ 𝑙♯), the initial radii read

𝑎 =
√𝑎♯2 ‖𝑔♯‖2 + 𝑏♯2 ‖ℎ⃗♯‖2 + 2 𝑎♯ 𝑏♯ ‖𝑔♯ ∧ ℎ⃗♯‖ + √𝑎♯2 ‖𝑔♯‖2 + 𝑏♯2 ‖ℎ⃗♯‖2 − 2 𝑎♯ 𝑏♯ ‖𝑔♯ ∧ ℎ⃗♯‖

2
(144)

and

𝑏 =
√𝑎♯2 ‖𝑔♯‖2 + 𝑏♯2 ‖ℎ⃗♯‖2 + 2 𝑎♯ 𝑏♯ ‖𝑔♯ ∧ ℎ⃗♯‖ − √𝑎♯2 ‖𝑔♯‖2 + 𝑏♯2 ‖ℎ⃗♯‖2 − 2 𝑎♯ 𝑏♯ ‖𝑔♯ ∧ ℎ⃗♯‖

2
(145)

where the inverse area-stretch factor is ‖𝑔♯ ∧ ℎ⃗♯‖ = |det𝐏| ‖𝐏−⊺ ⋅ 𝑛♯‖, again by the cofactor identity.
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It is further found that

𝑏♯

𝑏
=

√‖𝑔‖2 + 𝜂2 ‖ℎ⃗‖2 + 2 𝜂 ‖𝑔 ∧ ℎ⃗‖ − √‖𝑔‖2 + 𝜂2 ‖ℎ⃗‖2 − 2 𝜂 ‖𝑔 ∧ ℎ⃗‖
2 𝜂

(146)

and

𝜂♯ = 𝑏♯

𝑎♯
=

‖𝑔‖2 + 𝜂2 ‖ℎ⃗‖2

2 𝜂 ‖𝑔 ∧ ℎ⃗‖
−

√√√

⎷(
‖𝑔‖2 + 𝜂2 ‖ℎ⃗‖2

2 𝜂 ‖𝑔 ∧ ℎ⃗‖ )

2

− 1 (147)

obtained by normalizing 𝑏♯ by 𝑏 and introducing the initial aspect ratio 𝜂 = 𝑏/𝑎.

There remains to identify the axes 𝑙♯ and 𝑚⃗♯, which are the eigenvectors of the rank-two symmetric tensor 𝐀♯⊺ ⋅ 𝐀♯,
the kernel of which is spanned by 𝑛♯. The diagonalization (139) is therefore a two-dimensional symmetric
eigenvalue problem in the plane 𝑛♯⟂, which admits a closed-form solution. Introducing the in-plane identity
𝟏 − 𝑛♯ ⊗ 𝑛♯ = 𝑙♯ ⊗ 𝑙♯ + 𝑚⃗♯ ⊗ 𝑚⃗♯, the spectral projector onto the major axis reads (provided 𝑎♯ ≠ 𝑏♯)

𝑙♯ ⊗ 𝑙♯ = 𝐀♯⊺ ⋅ 𝐀♯ − 𝑏♯2 (𝟏 − 𝑛♯ ⊗ 𝑛♯)
𝑎♯2 − 𝑏♯2

(148)

The vectors 𝑔 and ℎ⃗ both lie in the plane 𝑛♯⟂, since (𝐏⊺ ⋅ 𝑛) ⋅ 𝑔 = 𝑛 ⋅ 𝑙 = 0 and likewise for ℎ⃗. Recalling from (139)
that 𝐀♯⊺ ⋅ 𝐀♯ = 𝑎2 𝑔 ⊗ 𝑔 + 𝑏2 ℎ⃗ ⊗ ℎ⃗, applying the projector (148) to 𝑔 (resp. ℎ⃗) delivers a vector parallel to 𝑙♯,
namely the candidate 𝑤⃗𝑙 (resp. 𝑤⃗𝑚⃗) given in (77). As 𝑔 and ℎ⃗ are linearly independent (since 𝐏 is invertible) and
span 𝑛♯⟂ = Span (𝑙♯, 𝑚⃗♯), they cannot both be orthogonal to 𝑙♯, so that retaining the candidate of larger norm in (77)
always provides a non-zero direction, the construction being indeterminate only in the circular case 𝑎♯ = 𝑏♯ where
the axes are arbitrary. The minor axis then follows as 𝑚⃗♯ = 𝑛♯ ∧ 𝑙♯, which establishes (76) reported in Section 3.1.

6.5.2 Identification of the transformed ribbon

The transformed ribbon can be identified as the limiting case for 𝑎 → +∞ of the transformed ellipse considered in
Appendix 6.5.1. It results from (73) that

𝑎♯ ∼
𝑎→∞

𝑎‖𝑔‖ (149)

Therefore 𝑎♯ → ∞ and the transformed crack is also of ribbon-like type.

The second radius 𝑏♯ is deduced from the Taylor series of (74), or even more easily from (143), which delivers the
ratio 𝑏♯/𝑏 (78) reported in Section 3.1, together with its inverse counterpart

𝑏 ∼
𝑎,𝑎♯→∞

𝑏♯ ‖𝑔♯ ∧ ℎ⃗♯‖
‖𝑔♯‖

In the case of a ribbon, the transformed crack can in fact be fully identified (including the eigenvectors 𝑙♯ and 𝑚⃗♯).
Indeed, (139) gives, to first order in 𝐀♯⊺ ⋅ 𝐀♯

𝐀♯⊺ ⋅ 𝐀♯ ∼
𝑎,𝑎♯→∞

𝑎2 𝑔 ⊗ 𝑔 ∼
𝑎,𝑎♯→∞

𝑎♯2 𝑙♯ ⊗ 𝑙♯ (150)

The quadratic form is therefore consistent with (149) and, together with (72), delivers the eigenvectors 𝑙♯ and 𝑚⃗♯

(78) reported in Section 3.1.
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6.5.3 On the transformed polar decomposition

In order to proceed to a decomposition similar to (99), it is first recalled that (71) implies that 𝐀 and 𝐀♯ share the
same image so that the orthonormal vectors 𝑈⃗ ♯ and 𝑉 ♯, playing the same role for 𝐀♯ as 𝑈⃗ and 𝑉 for 𝐀, both belong
to Im𝐀 which is also the hyperplane normal to 𝑊⃗ . Thus, up to a change of sign of 𝑈⃗ ♯ or 𝑉 ♯, it is possible to
assume that 𝑊⃗ = 𝑈⃗ ♯ ∧ 𝑉 ♯. The decomposition of 𝐀♯ then writes

𝐀♯ = 𝐑♯ ⋅ 𝐒♯ with {
𝐑♯ = 𝑈⃗ ♯ ⊗ 𝑙♯ + 𝑉 ♯ ⊗ 𝑚⃗♯ + 𝑊⃗ ⊗ 𝑛♯

𝐒♯ = 𝑎♯ 𝑙♯ ⊗ 𝑙♯ + 𝑏♯ 𝑚⃗♯ ⊗ 𝑚⃗♯ (151)

and 𝐀♯ itself

𝐀♯ = 𝑎♯ 𝑈⃗ ♯ ⊗ 𝑙♯ + 𝑏♯ 𝑉 ♯ ⊗ 𝑚⃗♯ with Im𝐀♯ = Im𝐀 = Span (𝑈⃗ ♯, 𝑉 ♯) = Span (𝑈⃗ , 𝑉 ) = 𝑊⃗ ⟂ (152)

Note that 𝑈⃗ ♯ and 𝑉 ♯ are then related to 𝑈⃗ and 𝑉 by a rotation around 𝑊⃗ which is not straightforward nor useful to
precise particularly for later developments of the present work. On the contrary the following relationship giving
the projection on Im𝐀 = 𝑊⃗ ⟂ will prove important

𝐀 ⋅ 𝐀† = 𝑈⃗ ⊗ 𝑈⃗ + 𝑉 ⊗ 𝑉 = 𝟏 − 𝑊⃗ ⊗ 𝑊⃗ = 𝐀♯ ⋅ 𝐀♯† (153)

Replacing 𝐀 by 𝐀♯ ⋅ 𝐏⊺, equation (153) becomes

𝐀♯ ⋅ (𝐏⊺ ⋅ 𝐀† − 𝐀♯†
) = 𝟎 (154)

which means that the image of 𝐏⊺ ⋅ 𝐀† − 𝐀♯† belongs to the kernel of 𝐀♯ = Span (𝑛♯) so there exists a vector 𝑋⃗ such
that

𝐏⊺ ⋅ 𝐀† = 𝐀♯† + 𝑛♯ ⊗ 𝑋⃗ (155)

Recalling from (100) that 𝐀† = 𝐒† ⋅ 𝐑⊺ and thus 𝐀♯† = 𝐒♯† ⋅ 𝐑♯⊺, equation (155) can be rearranged as

𝐏⊺ ⋅ 𝐒† = 𝐒♯† ⋅ 𝐑♯⊺ ⋅ 𝐑 + 𝑛♯ ⊗ 𝑌 (156)

where 𝐑♯⊺ ⋅ 𝐑 is a rotation sending 𝑛 to 𝑛♯ and 𝑛⟂ to 𝑛♯⟂ and 𝑌 is an undefined vector. This equation shows a great
importance in the derivation of the transformed COD tensor in Section 3.2.
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